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Abstract

We study mechanisms that couple a strictly-proper-scoring-rule prediction mar-
ket to an automated market maker (AMM) so that the prediction signal influences
the AMM'’s marginal price. The central result is the mixed-partial impossibility the-
orem (Theorem 3.2): any economically non-trivial bidirectional coupling, in which
spot-market state feeds back into the prediction market’s payoff non-separably from
the reported belief, destroys the incentive compatibility of the scoring rule. The ad-
missible class is therefore one-way: information flows from the prediction market to
the AMM through the mechanism, while the reverse direction is closed at the mecha-
nism level. We formalise this as the non-invertibility of a specific oracle channel from
the prediction market’s payoff schedule. One-way coupling is a mechanism-design
necessity rather than a design choice.

A bounded-C!-clipped one-way coupling (Definition 5.1) inhabits the admissible
class with single-block price impact bounded by |AP/P| < efmax — 1 (Lemma 5.4);
the power-law and Huber-bounded logit forms are instances (Corollary 5.5). The
unclipped power-law E¥ admits unbounded impact (Theorem 5.7).

Against a risk-neutral adversary with venue access on both sides, holding a pre-
positioned spot notional Q and paying both the LMSR round-trip cost (Hanson [1])
and AMM round-trip slippage, the first-order equilibrium prediction bias is «Q* / (2b)
(Proposition 6.1), giving a design-time depth requirement b > aQ*/(2¢). Under
Gaussian signal noise the coupling’s information value to traders is first-order in ko
while the LVR reduction at the constant-product maximiser ¢ = 1 is second-order
(Theorem 9.4).

The joint prediction-AMM clearing problem reduces to a log-barrier program
adapted from the Peters-So-Ye convex parimutuel formulation [7]; polynomial-time
clearing holds in the power-law regime (Theorem 10.2, Theorem 12.4), and the logit-
regime extension holds under an explicit contraction condition in logit space (Theo-
rem 10.5). On bounded continuous outcome spaces, the same convex-potential con-
struction yields a unique equilibrium measure under the functional ®[u] = [, ¢(du/dw) dw
on absolutely continuous measures; Arrow-Debreu state prices satisfy the first-order
conditions of the clearing program directly, piecewise-constant discretisations recover
the discrete CPCAM in the atomic-measure limit, and the Huber-bounded logit fixed
point survives grid refinement under the same contraction inequality expressed through
the continuous price statistic (Theorem 10.9, Proposition 10.10, Theorem 10.11).

Contributions relative to prior art. The principal contribution is the mixed-partial
impossibility theorem and its representation corollary (Theorem 3.2, Corollary 3.5):
admissible couplings are one-way as a mechanism-design necessity. The log-barrier
clearing construction instantiates the Peters-So-Ye mechanism [7] on the parimutuel
framework of Lange [5] and Lange-Economides [6]; the continuous fixed-generator
form uses the classical Kolmogorov-Nagumo mean structure [8, 9]. Neither ingre-
dient is claimed as original to this paper. The bounded-C!-clipped representation
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(Lemma 5.4), the logit-space fixed-point theorem (Theorem 10.5), and the continuous-
state equilibrium / atomic-limit / grid-refinement statements (Theorem 10.9, Propo-
sition 10.10, Theorem 10.11) are subsidiary reference results. The manipulation analy-
sis (Proposition 6.1) extends the Angeris-Chitra oracle-manipulation framework [26]
to the coupled setting by adding the AMM round-trip cost to the adversary’s objec-
tive and identifying the LMSR depth b as the defender’s parameter; the information-

value ratio (Theorem 9.4) extends the Milionis et al. LVR framework [16] to coupled

prediction-AMM venues.
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1 Introduction

1.1 The question

A prediction market prices the probability of a discrete outcome under a strictly proper
scoring rule (Hanson [1, 2]); an AMM (Angeris et al. [3]) prices a continuous asset whose
value depends on that outcome. When the two venues trade the same underlying event,
the design question is how to compose them. A coupling is a mapping by which the pre-
diction signal enters the AMM’s pricing function. This paper characterises the admissible
class.

The natural first instinct is a bidirectional coupling under which prediction signals
influence spot prices and spot prices in turn influence the prediction market’s payoffs,
tying both venues into a single equilibrium. We show that the bidirectional instinct fails
as a matter of mechanism design. Whenever the prediction payoff depends on the spot
price non-separably from the reported belief (a non-zero mixed partial at the truthful
report), the scoring rule’s incentive compatibility breaks. The admissible class is therefore
one-way: the prediction signal may enter the AMM, but the AMM'’s state does not enter
the scoring rule’s payoff through any channel that depends on the report. We formalise
one-way coupling as the non-invertibility of the oracle channel that would otherwise
carry information from the AMM back into the payoff schedule. This is a mechanism-
design necessity, not a design parameter.

We then characterise the admissible class: the minimum-variance coupling under an
affine logit-value link (Dalen [17]), bounded-impact parametrisations against adversarial
signal realisations, and matching bounds on cross-venue manipulation under the full
adversary objective including AMM round-trip cost. The paper closes with discrete and
continuous clearing constructions adapted from Peters-So-Ye [7].

1.2 Relationship to prior work

The construction sits at the intersection of five literatures. We position this paper against
each separately.

Proper scoring rules and prediction markets. Hanson’s logarithmic market scoring
rule (LMSR) [1, 2] is the canonical automated mechanism for belief elicitation. Strict
properness of the LMSR depends on the payoff being a function only of the reported
belief and the realised outcome; no cross-venue feedback is envisioned. Chen and Pen-
nock [23] characterise the bounded-loss family of market makers. Abernethy, Chen,
and Wortman Vaughan [24] give the convex-analytic framework for cost-function market
makers. Othman-Pennock-Reeves-Sandholm [22] treat liquidity sensitivity. The impos-
sibility theorem of Section 3 uses only the C? strict-concavity of the expected payoff; it
applies to every rule in this literature. Dalen [17] develops the Black-Scholes analog for
prediction markets, identifying logit space as the natural operating domain.

Parimutuel clearing and its impossibilities. Lange’s parimutuel-derivatives patent [5]
and the Lange-Economides formalisation [6] introduced nonlinear optimisation as a mech-
anism for merging segregated parimutuel pools; the latter noted structural obstructions
when auxiliary payoffs are added to the parimutuel mechanism. Peters, So, and Ye [7]
convexified the Lange formulation via a log barrier, producing the Convex Parimutuel
Call Auction Mechanism (CPCAM) which we use in Section 10. Baron and Lange [21]
provide an eigenvalue representation of state prices. Our impossibility theorem (The-
orem 3.2) is distinguished from the Lange-Economides parimutuel impossibility in Re-
mark 3.3: we target the LMSR-and-AMM composition and require only C? strict-concavity
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of the scoring rule; the parimutuel impossibility is specific to the call-auction setting with
a fixed state-price vector.

Continuous state prices and generalized means. On continuous outcome spaces, fixed-
generator mean forms go back to Kolmogorov [8] and Nagumo [9]. Breeden and Litzen-
berger [10] recover a state-price density ex post from an option-price surface by differ-
entiating in strike. Section 10 uses the same bounded-outcome-space setting differently:
the state-price density is a primal clearing object of the continuous CPCAM itself, and
the Breeden-Litzenberger identity reappears as a corollary of the cleared density rather
than as a separate inverse problem.

Automated market makers and CFMMs. Angeris et al. [3] characterise the optimal arbi-
trage problem for constant-function market makers. Angeris and Chitra [26] analyse the
price-oracle properties of CFMMs and give manipulation-cost bounds. Angeris, Evans,
Chitra, and Boyd [27] prove optimality of hub-routing. Milionis, Moallemi, Roughgar-
den, and Zhang [16] formalise loss-versus-rebalancing (LVR), the framework we use for
the LP loss analysis of Section 8. Adams, Zinsmeister, Keefer, Salem, and Robinson [28]
introduce concentrated liquidity; Park [30] identifies structural adverse-selection costs
borne by LPs in constant-product AMMs. Egorov [4] introduces dynamic pegs, a precur-
sor to event-dependent pricing. Heimbach-Wattenhofer [25] quantify LVR empirically.
The AMM side of our coupling is a standard CFMM,; the novelty is the composition with
a scoring-rule prediction market.

Market microstructure and oracle manipulation. Kyle [11] and Glosten-Milgrom [13]
establish the information-theoretic foundations of adverse selection. Budish, Cramton,
and Shim [14] propose frequent batch auctions to address speed advantages in contin-
uous markets. Daian et al. [15] formalise miner/proposer extractable value. Roughgar-
den [29] analyses transaction-fee-mechanism design. Foster and Viswanathan [12] anal-
yse strategic trading with forecasted forecasts. The event-atomic settlement theorem of
Section 2 addresses information advantages complementary to Budish-Cramton-Shim’s
speed advantages; the cross-venue manipulation analysis of Section 6 sits in the Angeris-
Chitra [26] oracle-manipulation tradition, sharpened by a matching lower bound.

Statistical estimator fusion. The minimum-variance combination of independent Gaus-
sian signals is a textbook result. Our contribution is the identification of the correct signal
model: under a logit-normal posterior over beliefs (Dalen [17]) and an affine logit-value
link (Definition 4.1), the optimal coupling is the logit form (E/(1 — E))* (Theorem 4.3),
not the power-law E* suggested by a naive log-normal analysis.

Mechanism design and auction theory. The first-order-condition arithmetic underly-
ing Proposition 6.1 is the quadratic-payoff FOC of the Myerson revenue-maximisation
programme [33], specialised to the coupled prediction-AMM setting. Our adversary
objective subtracts the AMM round-trip slippage from the Kyle-style [11] revenue ex-
pression; the resulting depth requirement b > aQ*/(2¢) replaces the naive Ry-indexed
bound. The clearing construction of Section 10 draws on the combinatorial-auction tradi-
tion (Cramton, Shoham, Steinberg [34]); specifically the convex-parimutuel architecture
of Peters-So-Ye [7], which is adjacent to but distinct from the direct-revelation Vickrey-
Clarke-Groves route.
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1.3 Outline

Section 2 establishes an information-theoretic requirement on the execution environment:
for the coupling to be meaningful, the event-outcome signal and the trade-set commit-
ment must be informationally separated within the settlement window. Section 3 states
and proves the main impossibility theorem. Section 4 characterises the admissible one-
way couplings under Gaussian-conjugate signal models. Section 5 introduces the bounded-
C!-clipped class and proves the price-impact bound, with the non-clipping counterexam-
ple. Section 6 gives the tight two-sided cross-venue manipulation bound. Section 7 devel-
ops the AMM’s invariant surface. Section 8 analyses the LP’s loss, separating loss-versus-
rebalancing from coupling loss. Section 9 quantifies the information value of coupling
and establishes its structural first-order dominance. Section 10 presents the discrete and
continuous clearing programs, proves the first-order fixed-point results for the power-
law and logit regimes, derives the continuous Arrow-Debreu density, and shows that the
coupled logit fixed point is stable under bounded-grid refinement. Section 11 compares
against alternative coupling architectures. Section 13 lists open problems.

2 Event-Atomic Settlement: an Execution-Environment Assumption

The impossibility theorem of Section 3 concerns the mechanism-design layer: the incen-
tive structure seen by traders facing a strictly-proper scoring rule. That theorem is inde-
pendent of how the mechanism is executed. We record here the execution-layer condition
that makes single-block atomic clearing meaningful, namely that event outcomes and
trade-set commitments be informationally separated within the settlement window, and
summarise the information-theoretic guarantee that holds under a list of proposer con-
straints together with an honest-attestor majority and side-channel hardening assump-
tions.

21 The commitment boundary

The minimal requirement is a single commitment boundary: a point in the settlement pro-
cess after which the trade set is fixed and before which event outcomes are unknown to
participants. This is a requirement on the execution environment, not a mechanism of the
coupling itself.

Definition 2.1 (Information-gap independence). Let F{d¢ denote the c-algebra gener-
ated by trader u’s trading strategy in block B (the set of trades submitted, their prices,
and quantities). Let G§'*" denote the o-algebra generated by the outcomes of all events
resolving in block B. The block satisfies information-gap independence if, for every trader
u (including the block proposer), the trading strategy ¢, is measurable with respect to a
o-algebra FP™ with FPr 1L Ggvent,

Remark 2.2 (Profit depends on events; strategy does not). A trader’s profit depends on
both the strategy and the realised outcomes (through settlement); profits are correlated
with outcomes. Definition 2.1 states only that the strategy cannot be adapted to the out-
come.

2.2 Proposer constraints and side-channel hardening

Definition 2.3 (Proposer constraints). A block-production protocol satisfies the proposer
constraints if:

(PC1) Pre-commitment. The proposer’s inclusion function I : Tpending — {0,1} is mea-
surable with respect to a -algebra FP™ satisfying FP™ Ll Ggrent,

6
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(PC2) Opacity. Trade contents are encrypted under a threshold scheme requiring k-of-n
attestors to decrypt, with decryption occurring only after commitment.

(PC3) Censorship resistance. Any valid trade submitted before deadline T — A must be
included.

(PC4) Self-binding. The proposer’s own trades are committed under the same opacity
and pre-commitment constraints as all other trades.

Under IND-CPA threshold encryption, a minority-attestor adversary learns only neg-
ligible information from the ciphertext stream; additional side channels (padding, timing,
metadata) require explicit hardening. We collect these as Remark 2.4.

Remark 2.4 (Side-channel hardening). PC2 (opacity) as stated allows ciphertext-level
distinguishers (length, arrival time, sender binding, fee parameters) to leak correlations
with G§'*™. The standard hardening assumes: (PC2-pad) uniform-length padding; (PC2-
timing) arrival-time distribution independent of w,; (PC2-meta) no plaintext metadata
correlated with w,; (PC2-crypto) IND-CPA security with advantage €sec < negl(A). Write

Etotal ‘= Esec T Spad + Etiming-

Theorem 2.5 (Event-atomic settlement). Fix a (k,n) threshold encryption scheme with k < n
decryption shares required to reconstruct, and fix a set of attestors. Under PC1-PC4, an honest-
attestor majority in the sense that at most k — 1 attestors collude (equivalently, honest attestors
hold at least one of every k-subset), and the hardening of Remark 2.4, the following two statements
hold:

(i) Computational indistinguishability. Every polynomial-time trader u’s trading strategy
is etota-computationally-indistinguishable from a strateqy measurable only with respect to
FP with €1o1q1 as in Remark 2.4.

(ii) Information-gap independence at the measure-theoretic level. The o-algebra FP™
satisfies FP™ 11 G§'*" by Definition 2.1 (inherited from PC1’s measurability condition).

Proof. Statement (ii) is a restatement of the measurability condition embedded in PC1
and Definition 2.1; the proof content is (i).

We proceed by a hybrid / reduction argument. Let A be an arbitrary polynomial-time
trader (possibly the proposer) with full 7P access, trade-submission capability under
PC1-PC4, and collusion with at most k — 1 attestors (the threshold scheme’s safety margin;
equivalently, the (k, ) scheme’s secrecy threshold is k — 1).

Channel 1 (direct observation). By PC1 and PC4, A’s trades and all other trades are
committed at 7, before w, is revealed; A contributes zero advantage through direct obser-
vation of w, prior to commitment.

Channel 2 (inference from encrypted trades). By PC2 and the colluding-minority hypothe-
sis, A holds < k — 1 shares, insufficient to decrypt any ciphertext. Under (PC2-crypto) the
IND-CPA advantage of a polynomial-time distinguisher is esec < negl(A); under (PC2-
pad) and (PC2-meta) length and metadata contribute ¢p,q; under (PC2-timing) arrival-
time contributes €timing. Channel 2 total: €¢ota1-

Channel 3a (inclusion-function conditioning). By PC1, the proposer’s inclusion function
is measurable with respect to a o-algebra FP™ 1L G§'*"; so A (even if A is the proposer)
cannot construct an G§'*™-correlated inclusion function.

Channel 3b (selective exclusion of correlated trades). By PC3, any valid trade submitted
before deadline T — A must be included; A cannot selectively exclude an honest trade
whose content correlates with w, in order to manipulate the post-settlement state.

Combining channels gives total computational advantage < €y, Over the FP™-measurable
baseline strategy, which establishes (i).
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The proof does not cover: out-of-band physical side-channels (e.g., observing the
event in person before the oracle reports), cross-block strategies, or oracle manipulation
(which makes w, endogenous). These are limitations of the model, not of the proof.  [J

Remark 2.6 (Scope of this section). Theorem 2.5 is a standard result relying on IND-CPA
threshold encryption plus attestor-honesty; the proof above is included for completeness
of the paper’s self-containedness. The result is an execution-layer prerequisite for the
coupling theorems of Sections 3-9, not part of their content. Traders facing a coupling
mechanism under a non-event-atomic execution environment face additional MEV and
side-channel strategies beyond the scope of this paper.

2.3 Necessity of the proposer constraints and within-class priority

Proposition 2.7 (PC1-PC4 necessity). Each of PC1-PC4 blocks a distinct attack path: dropping
any single constraint admits an explicit adversary strategy that violates Definition 2.1.

Proof. One clause per dropped constraint. (PC1). If the proposer’s inclusion function
is not pre-committed, the proposer includes trade T iff w, is favourable, producing an
Qg"ent—correlated block. (PC2). If trades are cleartext, an adversary infers the distribu-
tion over w, from peer trade signals and submits a posterior-conditioned trade. (PC3).
If censorship is permitted, the proposer post-decryption excludes honest trades whose
correlation with w, is unfavourable. (PC4). If the proposer is not self-bound, the pro-
poser submits own trades after observing w,. Each construction yields a trader strategy
measurably dependent on G§*". O

Proposition 2.8 (Within-class priority: tight 1/m bound). Under PC1-PC4, suppose a block
admits m > 1 identifier-symmetric trades of the same class (same pair, identical pre-commitment
timing). The proposer holds one. Any FP-measurable ordering rule yields expected proposer
priority at most 1/m; the random-within-class rule attains 1/m exactly. Hence within-class
priority is ®(1/m) with matching constant.

Proof. The ordering rule is P™-measurable (PC1, PC4) and acts on an identifier-symmetric
set. By symmetry, the expected priority of any distinguished identifier is at most 1/m un-
der any measurable rule, attained with equality by uniform random ordering. ]

3 The Impossibility of Non-Trivial Bidirectional Coupling

This section contains the paper’s central mechanism-design result. We show that any
bidirectional coupling between a strictly-proper-scoring-rule prediction market and an
AMM, under which the spot-market state enters the prediction payoff in a way that de-
pends on the trader’s reported belief, destroys incentive compatibility of the scoring rule.
The necessary corollary is that admissible couplings are one-way.

3.1 Setup

We consider a coupled market M = (/\/lpred, Mspot, G) consisting of a prediction market,
an AMM, and a coupling function G.

Definition 3.1 (Coupled prediction-spot market). A coupled prediction-spot market is a
triple (/\/lpred, Mepot, G) where:

(M1) Meq has a strictly proper base scoring rule S (E, w) and an optional bidirectional
perturbation H(E, w, P) thatis C?in (E, P):

npred(E/w/ P) = S(E,CU) + H(E,w,P).

8
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Writing ®o(E) := E,[S(E,w)] and T(E, P) := E,[H(E, w, P)], the base payoff &g

N

is strictly concave in E and has unique interior maximiser E*.
(M2) Mpot is an AMM with marginal price P = P(Ry, Rg, G(E)) satisfying 0P /9G # 0.

(M3) G:(0,1) — (0,00) is a C! coupling function with G’(E) # 0 on (0,1).

3.2 The impossibility theorem

Theorem 3.2 (Impossibility of bidirectional coupling with incentive compatibility). Let
(Mopred, Mspot, G) be a coupled market in the sense of Definition 3.1. Suppose a trader can hold
positions in both markets simultaneously. Then the following three properties cannot hold jointly:

(C1) Bidirectional coupling with report-sensitive prediction payoff: both
(Cla) The spot price depends on E through G and the perturbation T is not identically

independent of P.
(C1b) The report-sensitive feedback derivative

D(P) := 0pT'(E*,P) + 0pI'(E*, P) gZ(G(E*))G/(E*)
is not identically zero on any operating interval of spot prices. A sufficient local

condition is a nonzero mixed partial dpdpT' (E*, P) at an operating point.

(C2) Incentive compatibility: the trader’s optimal report is E = E* regardless of their spot
position.

(C3) Non-trivial spot sensitivity: the trader’s spot P&L Ttspor satisfies d7tspor/OE # 0 (the
coupling has economic effect on spot-P&L via the report).

Proof. Let the trader hold spot position Q and submit prediction report E. The total payoff
is
II(E) = S(E,w) + H(E,w, P(E)) + 7tspot(Q, P(E)).

Taking expectations, the first-order condition at an interior optimum is

ap aﬂ:spot aP 72
el 3p -E-G(E)_O.

(B) report-sensitive spot—prediction feedback (C) spot-payoff channel

-G'(E)+

@ (E) +9,T(E,P(E)) +9pT'(E, P(E))
~——

(A) base scoring rule

)
Set Q = 0 (so channel (C) vanishes). By strict properness of the base score, @, (E*) = 0.
Thus truthfulness at the base belief requires the feedback derivative to vanish:

D(P(E*)) = 0.

But condition (C1b) says exactly that this derivative is not identically zero as the operat-
ing price varies. Since D is continuous, the zero set has empty interior in every interval
on which the non-degeneracy holds; under the displayed mixed-partial condition it is a
codimension-one calibration set. On the complementary dense open set, E = E* is not
even stationary and cannot be the unique optimum.

Quantitatively, applying the Implicit Function Theorem to the FOC (1) near a strictly
concave base optimum gives

D(P(E*))

B(P(EY) = B ~ s

+O(D(P(E"))?),
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which is distinct from E* whenever D(P(E*)) # 0. Non-trivial spot sensitivity (C3) then
adds channel (C) for Q # 0; even at an isolated calibration point where D = 0, a spot
position with nonzero price exposure shifts the FOC unless that exposure is separately
constrained to zero.

The three conditions (C1), (C2), and (C3) cannot jointly hold on any non-degenerate
operating point. O

Remark 3.3 (Distinction from Lange-Economides 2005). Lange and Economides [6] prove
an impossibility in the parimutuel-clearing setting: adding an auxiliary payoff to the
parimutuel mechanism breaks the self-consistency of the state-price vector under certain
regularity conditions. Their result (a) is specific to the parimutuel call-auction and does
not apply to continuous-time AMMs, (b) does not isolate the mixed-partial hypothesis
that is central to our Theorem 3.2, and (c) addresses self-consistency of clearing rather
than truthful reporting. Our theorem covers any C? strictly proper scoring rule composed
with any AMM with 0P/9G # 0, identifies the mixed-partial condition as load-bearing,
and establishes impossibility of truthful reporting rather than of clearing. The Lange-
Economides impossibility and Theorem 3.2 are complementary: they obstruct different
composition architectures through different structural defects.

Remark 3.4 (Why report-sensitive feedback is load-bearing). Without condition (C1b),
the theorem would be false. A counter-example illustrating this is H(E, w, P) = ¢(P) for
some fixed function c: the prediction venue receives a lump-sum subsidy depending on
spot price, but the subsidy is additively separable from the report. Then D(P) = 0 for
every P, so channel (B) vanishes identically and the base scoring rule remains truthful.
Such additively separable transfers are admissible; the theorem’s force is entirely against
bidirectional couplings whose spot-price dependence changes the report derivative of
the prediction payoff.

3.3 The necessity of one-way coupling

Corollary 3.5 (One-way coupling is necessary). For any coupling G between a strictly-proper-
scoring-rule prediction market and an AMM, to preserve the scoring rule’s incentive compatibility
against traders holding positions in both markets, the coupling must be one-way: either (a) the
spot price does not enter the prediction payoff (so 07tyeq /9P = 0), or (b) the dependence is
additively separable in E (so 0% TTpred/ (0EQP) = 0). Any other configuration violates at least
one of the three properties of Theorem 3.2.

Proof. Contrapositive of Theorem 3.2: if the coupling is not one-way (neither (a) nor (b)
holds), then (C1) is active; to preserve (C2) one must sacrifice (C3), rendering the coupling
economically trivial. O

Remark 3.6 (Interpretation). Corollary 3.5 reframes one-way coupling as a mechanism-
design necessity rather than a design choice. The one-directional architecture, under
which prediction signals enter the AMM and spot state does not feed back into the scoring
rule’s payoff, is the unique admissible choice up to the additively-separable corner case
of Remark 3.4. Information flows from prediction to AMM through G; information flows
from AMM to prediction through the separate channel of informed trading (traders who
believe the spot price is informative buy and sell prediction contracts accordingly), which
operates through private beliefs rather than through the mechanism. The impossibility
theorem rules out the mechanism channel; the informed-trading channel remains open
and is addressed in Open Problem 6.

Definition 3.7 (One-way coupling, positive formulation). A one-way coupling between a
strictly-proper-scoring-rule prediction market and an AMM is a C! map G : (0,1) —

10
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(0,00) with G'(E) # 0 such that the prediction-market payoff Tyreq(E, w) depends only
on the reported belief £ and the realised outcome w, while the AMM’s marginal price de-
pends on the prediction signal through G. Equivalently, the oracle channel @ : (E, w)
npred(ﬁ,w) induced by the scoring rule is non-invertible from the AMM state: no sec-
tion X : P — nllared exists returning an AMM-state-dependent payoff schedule that
would admit the reverse information flow while preserving incentive compatibility. The
additively-separable sub-case of Corollary 3.5(b), in which the payoff depends on P only
through a term constant in E, is formally admissible but transmits no information be-
tween venues. All subsequent sections assume the positive-formulation definition.

The remainder of the paper studies the admissible class of one-way couplings.

4 Admissible One-Way Couplings: Representation Theorems

Corollary 3.5 establishes that admissible couplings are one-way. We now characterise
which one-way couplings are statistically optimal in the sense of minimum-variance esti-
mation of the latent fundamental value under standard Gaussian-conjugate signal mod-
els.

4.1 The signal-extraction problem

Consider a spot market for asset M with current AMM price Payvv, and a prediction
market for event e with current prediction signal E. Both are noisy observations of a
latent fundamental value V.

A naive approach assumes (In Payv, InE) ~ (InV + €4, In V* + €p) with indepen-
dent Gaussian noise. The minimum-variance combination is the precision-weighted mean,
which in multiplicative form yields the power-law coupling

2
A

Gpow(E) = EF, K=

= € |0,1]. 2
eSOl @

The naive derivation has three structural defects: LMSR prediction-market prices fol-
low logit-normal dynamics rather than log-normal (Dalen [17]); Paymm and E are not in-
dependent observations of V because Payvy already incorporates G(E) through the cou-
pling (a self-reference); and minimum-variance estimation is the wrong objective when
LP losses are asymmetric. The last two are scope limitations that we acknowledge but do
not resolve in this paper; the first admits a clean fix.

4.2 The affine logit-value link and logit coupling

Following Dalen [17], the natural domain for prediction-market analysis is logit space,
where LMSR prices are Gaussian: d(logitE) = wpdt + 0, dW. The derivation of the
minimum-variance coupling in logit space requires a link function specifying how the
fundamental value relates to the true event probability.

Definition 4.1 (Affine logit-value link). The fundamental value V and the true event
probability E* are related by

InV =a+sy -logit(E*), (3)

where a € R is a base log-price and sy > 0 is the price sensitivity: the elasticity of funda-
mental value with respect to the log-odds logit(E*) = In(E*/(1 — E*)).

The affine logit-value link is the unique link under which both signals remain Gaus-
sian after projection into a common space.

11
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Proposition 4.2 (Logit-space minimum-variance coupling). Assume: (i) In Papv = In'V +
ea, €a ~ N(0,03); (ii) logit E = logit E* + ep, ep ~ N(0,03); (iii) the affine link (3); (iv)
g4 AL ep. Then the minimum-variance estimator of In'V given both signals is

—

InV = (1 %) In Papm + x¢(a + sy - logit E), (4)

where k; = 05/ (03 + s%,03) € [0,1]. The induced coupling (absorbing e into the base price)

s N
Gy(E) = <E> p X =Ky Sy. (5)

1-E
Proof. Under (i)-(iv), define Gaussian signals X; = InPayuv ~ N (InV,03) and Xp =
a+sylogitE ~ N(InV,s2,03) (the second follows from the affine link). The minimum-
variance combination of independent Gaussian signals for a common mean is the precision-
weighted mean, with weight x; = 0% /(0] + s3,03) on X,. Substituting gives (4); taking
exponentials gives In G/(E) = alogitE = aIn(E/(1 — E)), i.e. (5). O

Theorem 4.3 (Optimality of the logit coupling under the affine link). Under the assump-
tions of Proposition 4.2, among C' coupling functions G : (0,1) — (0, 00) such that In G(E) is
the minimum-variance combination of the AMM and prediction signals under logit-normal sig-
nal noise and complement symmetry (G(1 — E) = 1/G(E)), the coupling is uniquely G*(E) =
(E/(1—E))* with « = x; - sy. Moreover, the power-law plug-in estimator II/IT/pOW = (1—
K¢) In Pavmt + k¢ (a + syx In E), which treats the non-Gaussian signal x In E as if it were Gaus-
sian for In'V, has strictly larger posterior mean-square error than the logit-optimal estimator of
Proposition 4.2 on every non-degenerate prior on In'V.

Proof. Uniqueness. Under logit-normal noise and the affine link, both In Paopv and a +
sy logit E are Gaussian signals for In V; the minimum-variance combination (precision-
weighted mean) is unique, giving In G*(E) = alogit E. Complement symmetry: G*(1 —
E)=((1—-E)/E)*=1/G*(E).

Suboptimality of the power-law plug-in. Under Assumption (ii) of Proposition 4.2, logit E
is Gaussian for logit E*, so Y := a + sy logit E is Gaussian for In V. The power-law trans-
form Z := xInE of the same signal is not an affine function of InV (because InE =
logit E — In(1 + €°81E) is nonlinear in logit E). The Gauss-Markov-optimal precision-
weighted combiner of In Poxpv with Y achieves the Cramér-Rao bound; substituting Z
for Y breaks the combiner’s optimality and yields strictly larger posterior MSE on every
prior where logit E is not a point mass. ]

Remark 4.4 (Scope of the suboptimality claim). The suboptimality refers to posterior
MSE of In V, not to Var(In G(E) ) as a function of E. Under particular priors on E, Var(In Gpow (E)) <
Var(In G*(E)) can hold without contradicting the theorem.

Remark 4.5 (Scope of the uniqueness claim). Theorem 4.3 establishes uniqueness of the
minimum-variance estimator under an affine logit-value link. Under a different link (for
example, payoffs that are affine in E rather than in logit E, as in binary-outcome instru-
ments), the optimal coupling differs; see Proposition 4.6.

4.3 Binary-payoff coupling via EKF

A common special case is the binary payoff V(E) = Vy + (V3 — Vp)E with V; > Vj > 0.
Here V is affine in E but nonlinear in logit E, so the affine logit-value link of Definition 4.1
does not hold globally. First-order Taylor linearisation around the operating point (stan-
dard extended Kalman filter construction) gives a state-dependent coupling.

12
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Proposition 4.6 (Binary-payoff coupling via EKF). Let V(E) = Vo + (V4 — Vo) E with V; >
Vo > 0. Suppose logit E ~ N (logit E*, 03) and In Paxpy ~ N (InV(E*), 0%) independently.
The extended Kalman filter linearisation gives

E(1-E)

G(E) = exp(a(E) - logitE), a(E) =x;- (V4 — Vp) - @

(6)
with k, = 03/ (0% + (s3)?03) and sy, = (V; — Vp) - E*(1 — E*) / V(E*) the linearisation slope
at the operating point.

Boundary behaviour. AsE — 0" or E — 17, a(E) — 0; by L’'Hopital’s rule, a(E) - logit E —
0. So G(E) — 1 at both boundaries, extending continuously to G(0) = G(1) = 1.

Proof. Step 1: observation Jacobian. The observation equation relating In V' to u := logit E is
gu):=InV(o(u)) = In(Vo + (V4 — Vp)o(u)) where o is the logistic function. Differenti-

ating,
Vi = Wo)o(u)(1 —o(u))
"(y) = ( 1 0 )
g Vio)

which evaluated at u* = logit E* gives the scalar Jacobian s}, = (V3 — Vp)E*(1 — E*)/V(E*).

Step 2: EKF Kalman gain. For a scalar prior u ~ N (ug,03) with observation z =
Hu+v,v ~ N(0,0%) (independent) with H = s}, (frozen at operating point), the Kalman
gain is

2 ok
K=—PV__  1_HK=x:=
()20 + 04

Step 3: state-dependent coupling. The posterior correction relative to the pre-existing
AMM observation is multiplied by the residual prior coefficient 1 — HK = x;, not by the
raw Kalman gain K itself. The leading-order log-price adjustment is therefore x, - sj; -
logit E. Re-linearising at each operating point (standard EKF practice) yields the state-

dependent gain «(E) = x; - g’ (1) |,=10git £, Which is (6).
Boundary: E(1 — E)/V(E) — 0 atboth E — 07 and E — 1~, while logit E diverges
only logarithmically; the product «(E) - logit E — 0 by L'Hopital. O

%
o4+ (sp)0p

Remark 4.7 (EKF approximation error). The EKF is a first-order linearisation of In V(o (u)).
Writing u = logit E and g(u) = InV(o(u)), Taylor’s theorem with Lagrange remainder
gives

1§ (u) —g(u*) —g' (") (u—u*)| < 3 sup 8"(E)] - (u—u)?.

Direct computation gives ¢ (u) = (V1 — Vo)o(u) (1 —o(u)) (1 —20(u)) / V(o (u)) — (g'(u))>.
For a bound, observe sup, |o(1)(1 — o(u))(1 — 20(u))| = 1/(6V/3) (attained at o(u) =
1/2++/3/6), and V(o (u)) > Vo; and |¢'(u)| < (V1 o)/ (4Vp) (viasup|o(l —0o)| =

1/4). Thus
" Vi—W Vi —Vo\?
+ . 7
801 < o=+ (T ) @)

The EKF coupling error in log-price space is bounded by (i¢/2) - |¢" |sup - (A logit E)?. For
moderate payoff ratios (V1 — Vp)/Vy < 1/2, this is a small-coefficient quadratic correc-

tion; the EKF is most accurate near the boundaries (where |g”| — 0) and least accurate at
E=1/2.

Corollary 4.8 (Local optimality of the binary EKF coupling). Under Proposition 4.6, the
state-dependent coupling G(E) = exp(«(E) logit E) is locally optimal among first-order lineari-
sations of the nonlinear observation InV = g(logitE) at u* = logit E*: among affine maps
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u +— au + B, the EKF choice minimises posterior MSE to first order in (u — u*). Global opti-
mality over nonlinear couplings is not claimed; the gap to the exact MMSE estimator is bounded
by (7). This is the standard scalar-EKF local-optimality result (Anderson-Moore [32], Jazwin-
ski [31]).

5 Bounded Parametrizations of One-Way Couplings

Sections 3-4 establish that admissible couplings are one-way and characterise the statisti-
cally optimal choices under Gaussian-conjugate signal models. A separate requirement
is that the coupling yield bounded single-block price impact against arbitrary prediction-
signal realisations. Without a boundedness constraint the minimum-variance couplings
of Section 4 admit arbitrarily large price impact, enabling adversarial oracle manipula-
tion. This section formalises the boundedness requirement and proves that a specific
class of clipped couplings, of which the Huber-bounded coupling is one canonical repre-
sentative, achieves the bound.

5.1 The bounded C'-clipped class

Definition 5.1 (Bounded C!-clipped coupling). A bounded C'-clipped coupling on E € T
(where 7 is either (0,00) or (0,1)) isamap G : Z — R~ of the form

SR RO T TS H A

where ¥ > 0 and the clipper ¢ : R — [—Omax, Omax| satisfies, for some dmax > 0 and
transition window w > 0:

(C1) Identity on the centre: ¢(y) = y for |y| < dmax — w.

(C2) Saturation on the tails: ¢p(y) = sgn(y) - dmax for |y| > Imax + w.

(C3) C! smoothness: ¢ € C(R).

(C4) Monotonicity: ¢ is non-decreasing on R.

Equivalence with the logit form. The unclipped power-law C(E) = E* on (0,0) and the
logit coupling Gy(p) = (p/(1 —p))* on (0,1) are mathematically equivalent under the
odds-ratio bijection w(p) = p/(1 — p) with parameter identification x = «; the bounded
C!-clipped form extends this equivalence to a Huber-clipped logit coupling on probabil-
ity space (Section 5.5).

Example 5.2 (Canonical instance: the 3-piece sign-mirrored Huber clipper). The canoni-
cal element of Definition 5.1 is the 3-piece sign-mirrored Huber function

y ly| <é-w,
h(y) = {sgn(y) [0 — (6 +w—|y))?/ (4w)] 6 —w < |y| <d+w, ®)
sgn(y) -6 ly| > 6 +w,

which composes three formulas (linear, quadratic transition, saturation) with sign-mirroring
to produce four transition breakpoints at |y| = ¢ £ w. Other admissible clippers (cubic
Hermite interpolants, smoothed-max bridges) lie within Definition 5.1 and produce the
same bound below.

Lemma 5.3 (C! smoothness of the Huber clipper). The function h of (8) is C* on R: values
and one-sided derivatives agree at each of the four breakpoints £ (6 — w) and £(5 + w).
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Proof. The odd symmetry h(—y) = —h(y) reduces the check to the positive side. At
y = 6 —w: from the linear piece, h = 6§ —w and I/ = 1; from the quadratic piece,
h=06—(Qw)?/(4w) =5 —wand i’ = (6 + w —y)/(2w) evaluating to 1. Aty = § + w:
from the quadratic piece, h = § and i’ = 0; from the saturation piece, h = § and i’ = 0.
Both breakpoints match. Odd extension gives the negative-side checks. O

5.2 The price-impact bound

Lemma 5.4 (Bounded coupling impact: generalised C!-clipped class). Let G be any bounded
Cl-clipped coupling (Definition 5.1) with parameters x, Smax, w. At fixed reserves, the marginal
price P = G(E) - Ry / Rg satisfies, for any single-block shift from ¢ = 1 (uncoupled baseline) to
§ = G(E),

AP

AP € [—(1 — e " omax), gFmax 1], ie.

uniformly for every E € Z (the closed domain [0, 0] or [0,1]). The bound depends on ¢ only
through kdmax and is independent of the transition-window shape.

Proof. By (C2), |¢(y)| < Smax globally, so |InG(E)| < kdmax- At fixed reserves, AP/P =
"8 — 1 where ¢ = G(E). Using |e* — 1| < el*l —1 (immediate for x > 0, and for x < 0
follows from e* + e * > 2), |AP/P| < ellngl — 1 < ¢®max — 1. Extension to the closed
domain: on the tails ¢ is eventually constant, and the boundary values G(0) = e *omax,
G(c0) or G(1) = e™max coincide with the one-sided limits; the bound holds with equality
at the upper end. O

Corollary 5.5 (Representatives: power-law and logit in closed form). Specialising Lemma 5.4:
the Huber-bounded power-law GPOV\L (E) = exp(x - h(InE)) on Z = (0, o) satisfies (9) with ex-
ponent x; the Huber-bounded logit Gy(E) = exp(a - h(logitE)) on Z = (0, 1) satisfies (9) with
exponent « = xy - sy (Proposition 4.2).

Theorem 5.6 (Tight-clipping characterisation). The upper endpoint e*oma — 1 of (9) is at-
tained at some realisation E* € T if and only if there exists ET with ¢(¢(E")) = +0max- By (C2)
both endpoints are attained at the closed-domain extremes, so the bound is tight on . On the
open domain L, tightness is attained if the tail-saturation regime [((E)| > dmax + w is reached
by some finite ET.

Proof. Immediate from the equality case of the inequality | In g| < Kdmax- O

5.3 The necessity of clipping: unbounded couplings break the bound

Theorem 5.7 (Unbounded power-law is not price-impact-stable). Let Gunc(E) = E* be the
unclipped power-law coupling on E € (0,00) (condition (C2) of Definition 5.1 dropped). Then
E — AP/ P is unbounded above and below: for every M > 0O there exist E;, E_ with AP/P > M
and AP/P < —1+ € for any € > 0. No finite bound of the form |AP/P| < B holds.

Proof. AP/P =EF —1;take Ey = (M +1)"*and E_ = ¢!/*. O

Corollary 5.8 (Clipping is essential). Under the requirement of bounded price-impact for all
admissible E, the saturation condition (C2) of Definition 5.1 cannot be dropped. Within the C'-
clipped class, the specific clipper shape is free (any admissible interpolant gives the same bound);
what is essential is the existence of a saturation radius dmax + w beyond which ¢ is constant.
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5.4 Composition across blocks

Theorem 5.9 (Composed C'-clipped coupling across blocks). Let Gy, ..., G, be bounded
Cl-clipped couplings with (possibly distinct) parameters (x;, 6max,i, w;). For a block-sequence
(Ei, ..., En), the cumulative price-impact satisfies

AP™M)
P(0)

< exp (i Ki5max,i> -1 (10)

i=1
The bound is tight when every block saturates at the positive tail.

Proof. Each block contributes |«;i¢;(¢(E;))| < ki0maxi; the cumulative log-price shift is
bounded by ¥ k;0max i; exponentiating and using |e* — 1| < el*l — 1 gives (10). O

Corollary 5.10 (Stationary vs. adversarial asymptotics). Let k; = &, dmax,i = Omax for all i.
Then: (i) finite-horizon worst-case: |[AP() /PO)| < ¢"max — 1, (ii) adversarial divergence:
for fixed KOmax > 0, €™ max — 1 — oo, (iii) stationary regime: if (E;) is drawn from a stationary
process with E[x;p;(L(E;))] = 0 (zero-mean coupling), the cumulative log-shift is a zero-mean
random walk with step variance o* < 12624, 50 by the CLT InG") /\/n = N(0,0?) and the
cumulative price-impact grows as O(\/n).

Remark 5.11 (Long-horizon adversarial stability is out of scope). The per-block bound
does not guarantee long-horizon adversarial stability: a bounded-per-step map can com-
pound without bound unless the step distribution has mean-reversion or rate-limiting
structure. Long-horizon stability against a persistent adversary is a separate question,
addressed within this paper only at the manipulation-bound level (Section 6).

5.5 Equivalence with the logit coupling under odds-ratio change of variables

The unclipped power-law form C,(E) = E* on (0,00) and the logit coupling G,(p) =
(p/(1—p))*on (0,1) are mathematically equivalent under the odds-ratio bijection. This
subsection establishes the equivalence, resolves an apparent contradiction that arises
from notational ambiguity, and extends the theory to generalized power-law couplings
on the multiplicative monoid.

Definition 5.12 (Odds-ratio change of variables). For p € (0,1), define the bijective
change of variables

w(p) = 1fp, w: (0,1) — (0, c0).

The inverse is p = w/(1 + w). We call w(p) the odds-ratio associated with probability p.
The logistic function o(x) = 1/ (1 + e™*) satisfies p = o(logit p) where logitp = Inw(p).

Theorem 5.13 (Odds-ratio equivalence of couplings). Let p € (0,1) be a probability. Let
G : (0,1) — (0,00) be the logit coupling defined by

aitp) = (125) = @iy

(Proposition 4.2). Let Cy : (0,00) — (0, c0) be the unclipped power-law coupling
C(E) = E~.
Under the parameter identification k = «,

Ce(w(p)) = Ge(p) forall p € (0,1).
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Proof. By direct substitution: Cc(w(p)) = (w(p))* = (p/(1—p)* = (p/(1—p))* =
G¢(p) when k = a. O O

Remark 5.14 (Boundary-domain extension and the closed-domain limits). Theorem 5.13
is stated on the open interior p € (0,1) where the odds-ratio bijection w(p) = p/(1 —
p) is well defined and finite. We record the closed-domain behaviour at the boundary
p € {0,1}, both for the unclipped form and for the canonical Huber-clipped form of
Definition 5.1.

(i) Unclipped one-sided limits. As p — 0%, w(p) — 07 and C(w(p)) = w(p)® — 0. As
p— 17, w(p) = +ooand Cc(w(p)) — +o0. The limits exist and equal G,(0") = 0
and Gy(17) = +oo respectively, matching by continuity of w at the boundary in the
extended-real sense.

(if) Huber-clipped one-sided limits. Under the canonical clipper of Example 5.2 with pa-
rameters (k, dmax, W), the saturation property (C2) of Definition 5.1 pins the closed-
domain limits: G$(0") = e *mx and GJ(17) = e*™max. These are the finite satura-
tion caps that bound the price impact in Lemma 5.4.

(iif) Numerical safequard near the boundary. A finite-precision implementation of the un-
clipped form on (0, 1) may install a near-boundary neutral clamp returning G(p) =
1 for p ¢ (1,1 — 1), with 7 chosen at machine-epsilon scale (e.g. 7 = 10~!2). This
clamp diverges from the closed-domain limits in (i) for p € (0,7] U [1 —#,1). The
deviation occupies a measure-zero neighbourhood of the open simplex and is un-
observable in the load-bearing regime: the price-impact bound of Lemma 5.4 is uni-
form over Z and is achieved at the saturation tails of the Huber-clipped form (which
the clamp leaves unchanged); the impossibility theorem of Theorem 3.2 ranges over
C! maps with non-vanishing derivative in the interior, where any clamp acting only
on a measure-zero boundary neighbourhood leaves the mixed-partial argument un-
affected. Treating the clamp as a measure-zero modification of the underlying cou-
pling preserves all guarantees of the present paper. The clamp’s economic equiva-
lent on the probability axis would be a refusal to trade at p € (0,7]U[1—17,1) a
regime where any classical scoring rule is already uninformative, so no information-
flow loss arises from the clamp itself. The boundary modification is thus mathemat-
ically benign and operationally inert.

Remark 5.15 (Meaning of the equivalence). Theorem 5.13 states that the two formulas are
notational variants: the logit coupling operates on the probability simplex (0,1), while
the power-law coupling operates on the odds-ratio space (0, o). The change of variables
w embeds the simplex bijectively into the positive reals. For every probability p with
corresponding odds-ratio E := w(p), the two couplings return the same numerical value.
The distinction is domainial: Gy is defined only on (0, 1), whereas Cy is defined on all of
(0, c0) and so admits inputs that do not arise from a coherent probability (Definition 5.21).

Theorem 5.16 (Huber-clipped equivalence). The bounded C'-clipped coupling CS(E) =
exp(x - ¢(InE)) (Definition 5.1), restricted to the odds-ratio range E = w(p) with p € (0,1),
equals the Huber-clipped logit coupling

G)(p) := exp(a - ¢p(logitp))

under the parameter identification k = . The saturation radius 6 in log-odds space corresponds
to the probability bracket [o(—6),0(d)]:

(i) When |logitp| < 6 —w (ie, p € [0(=0+w),0(6 —w)]), ¢(logitp) = logitp and
GI(p) = (p/ (1 — p))* (unclipped logit form);
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(ii) When |logitp| > 6 + w, ¢ saturates and G (p) = e**;

(iii) In the transition zone § —w < |logitp| < & + w, ¢ provides smooth C' interpolation
between the linear and saturated regimes per properties (C1)—(C4) of Definition 5.1.

Proof. Setting E = w(p) gives InE = Inw(p) = logit p. Therefore

Ci(w(p)) = exp(ic - p(Inw(p))) = exp(a - p(logit p)) = Gi(p).

The radius 0 bounds the argument to ¢: by property (C2) of Definition 5.1, ¢(y) =
sgn(y) 6 when |y| > § + w. Solving |logit p| = ¢ for p yields p = o(+£J), defining the
probability bracket. The transition zone and C! properties follow from (C1)—(C3). O [

Lemma 5.17 (Differential identity under the odds-ratio change of variables). Let p € (0,1)
and w(p) = p/ (1 — p) as in Definition 5.12. Let C,(E) = E* on (0,00) and Gy(p) = (p/(1 —
p))* on (0,1) be the unclipped couplings, with x = . Then

Gy(p) = Cr(w(p)) -w'(p) = a- <p/<(11:5))2)a_1- (11)

Moreover, for any density f on (0,1) and the pushforward density f, := fow™!-|(w™1)| on
(0, 0), the integral identity

[ B Sy = [ H(Clw) fulw) de 1)

holds for every Borel H : (0,00) — R for which either side is well defined.

Proof. Write w(p) = p/(1 — p). Then w'(p) = 1/(1 — p)?. By the chain rule applied to
Gi(p) = Cr(w(p)),

/ / / k—1 1 (P/ (1 —

Gi(p) = Calao(p) /() = wew(p) ™ (g = PR

where the second equality uses Cx(E) = E* so CL(E) = xE*~!, and the third uses x = a.
This proves (11). The integral identity (12) is the standard change-of-variables formula for
Lebesgue integration: w : (0,1) — (0,00) is a C! diffeomorphism with strictly positive
Jacobian w'(p) = 1/(1 — p)?, so dp on (0,1) pushes forward to dw = dp/(1 — p)? on
(0,00), and the substitution is valid for every measurable integrand. ] ]

p)!
p)?

Remark 5.18 (Invariance of the LP fee-revenue identity under the change of variables).
The LP break-even integrand of Proposition 8.6 aggregates LVR, coupling-loss, and signal-
error contributions integrated against the path measure of the coupled-price process. Un-
der the odds-ratio bijection, the integrand evaluated as a functional of G,;(p) on (0,1) and

as a functional of Cy(w) on (0, 00) produces identical numerical values provided the inte-
gration measure is taken consistently with the variable: dp on the probability axis pushes

forward to dp/(1 — p)? on the odds-ratio axis (Lemma 5.17, equation (12)). The Jacobian
factor 1/ (1 — p)? amplifies measure mass near p = 1, reflecting that an interval [p, p + dp]

near the boundary maps to a much larger interval on the odds-ratio axis. Calibrations per-
formed entirely in one space are therefore self-consistent; mixing the two spaces requires

the explicit Jacobian. The closure of the equivalence under the matched-measure push-
forward is what permits the impossibility theorem and its bounded representations to be

stated in either space and verified in either space, completing the equivalence beyond the

pointwise statement of Theorem 5.13.
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Example 5.19 (Numerical verification at k = & = 0.6, unclipped). We verify Cy(w(p)) =
G¢(p) at three representative probability values, in the unclipped form (Theorem 5.13):

p | E=w(p) |Gip)=(p/(1—p)*®| Cos(E)=E"® |match
01]1/9~0.1111 0.1111°%°¢ ~ 0.2676 0.1111°¢ ~ 02676 | v
0.5 1 106 =1 106 =1 v
0.9 9 9V6 ~ 3.7372 906 ~ 3.7372 v

All three evaluations match to machine precision, confirming Theorem 5.13.

The Huber-clipped form (Theorem 5.16) coincides with the unclipped form in the lin-
ear regime |{(E)| < Smax — w and pins the saturation tail to e**ma. Under the operator
defaults max = 0.4, w = 0.1, the linear regime is |InE| < 0.3, ie. E € [e703,¢03] ~
[0.741,1.350] in odds-ratio space (equivalently p € [0.426,0.574] on the probability axis).
The values p € {0.1,0.9} above lie OUTSIDE the linear regime and are saturated under
the Huber-clipped form, evaluating to e*%?* ~ 0.787 and ~ 1.271 respectively, NOT to the
unclipped 0.2676 and 3.7372. The example above therefore verifies the unclipped state-
ment only; the Huber-clipped statement requires re-evaluation at probabilities inside the
linear regime, e.g. p = 0.55 (where |In(0.55/0.45)| ~ 0.2007 < 0.3 and the Huber clipper
acts as identity, recovering identical numerical values for G;(0.55) and Cy¢(w(0.55))).
The two theorems are therefore numerically distinguishable on the boundary regime;
both reduce to the same statement on the linear-regime interior.

Remark 5.20 (Resolution of an apparent counter-example). The notational hazard ad-
dressed here is real and has caused confusion in earlier readings of the two coupling
families. A naive evaluation of the formula (E/(1 — E))* at E = 2 gives (—2)%, which
is undefined for non-integer «; at E = 0.5 it gives 1* = 1, suggesting neutral coupling.
Both readings are notationally inconsistent: the symbol E in the logit form refers to a
probability p € (0,1), not an odds-ratio.

Correct evaluation under the odds-ratio identification: at E = 2 in odds-ratio space,
the corresponding probability is p = 2/3, and G,(2/3) = (2/3-3/1)* = 2% = C(2)
whenx =a. AtE=05:p=1/3,and G,(1/3) = (1/3-3/2)* = (1/2)* = 27* = C,(0.5).
Both apparent contradictions disappear when the variable is identified with the correct
domain. The change-of-variables technique used here is the canonical bridge between
the logit and power-law families on the bijective subdomain; outside that subdomain the
power-law family is the strictly more general object (Definition 5.21).

Definition 5.21 (Generalized power-law coupling). When the underlying expected-value
factors are combined as E = [];(EV;)¥ and some EV; > 1 (unbounded multipliers), the
input E may exceed any odds-ratio of a coherent probability in (0,1). In this regime, the
power-law coupling C«(E) = E* on the multiplicative monoid (Ry, -) is a generalized
power-law coupling. It coincides with the logit coupling on the bijective subdomain E €
(0, 00) corresponding to p € (0,1), and extends naturally beyond it.

Theorem 5.22 (Extension of the impossibility theorem to generalized power-law cou-
plings). Let G : (0,00) — (0,00) be a C! power-law or generalized power-law coupling with
G'(E) # 0. If the coupled-market structure of Theorem 3.2 satisfies its hypotheses (strictly proper
scoring rule, coupled AMM with 0P /dG # 0, report-sensitive payoff), then those hypotheses
cannot hold jointly with incentive compatibility, regardless of whether E arises from a bijective
odds-ratio embedding or from a composition of unbounded multipliers.

Proof. The proof of Theorem 3.2 depends on three structural facts: a strictly proper scor-
ing rule, a coupled AMM with non-zero sensitivity dP/dG, and a report-sensitive payoff.
None depend on E being a valid odds-ratio or restricted to the simplex embedding. The
same first-order condition and mixed-partial argument apply when E ranges over the full
monoid (R4, -). O O
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Remark 5.23 (Saturated-tail clause). The non-degeneracy condition (C1b) of Theorem 3.2
requires G to be report-sensitive on the configurations on which the impossibility argu-
ment is exercised. For the bounded C!-clipped form G(E) = exp(x - ¢(¢(E))) of Defi-
nition 5.1, this condition holds in the unsaturated interior |/(E)| < dmax — w, where the
identity property (C1) gives ¢(¢(E)) = ¢(E) and G'(E) # 0. Theorem 5.22 therefore ap-
plies in full force on the unsaturated interior and inherits the mixed-partial obstruction
of Theorem 3.2.

In the saturation regime |¢(E)| > dmax + w, the saturation property (C2) gives ¢(¢(E)) =
sgn(£(E)) - 6max and G(E) = e**ma is constant. The marginal price P = G(E) - Ry;/Rp
is then independent of E, so dP/9E = 0 identically on the saturated tail. The mixed-
partial argument of Theorem 3.2 reduces to the additively-separable corner already char-
acterised in Remark 3.4: the report derivative of the prediction payoff vanishes through
the spot-side channel, and the base scoring rule’s incentive compatibility is preserved
by triviality. A bidirectional coupling that operates only in the saturated regime trans-
mits no marginal price information across venues it is admissible but economically de-
generate, since both directions of feedback collapse to constants. The transition zone
Omax — W < [€(E)| < Omax + w is a Lebesgue-measure-positive but bounded region in
which ¢/ (¢(E)) interpolates smoothly between 1 and 0; the impossibility argument ap-
plies pointwise wherever ¢'(¢(E)) # 0, and the transition zone is therefore covered by
the same mixed-partial obstruction.

Summarising: the impossibility theorem is non-vacuous on the unsaturated interior
and on the transition zone (where the coupling has economic content); on the saturated
tail it reduces to the additively-separable trivial-coupling corner. The clause is therefore
a structural feature of the bounded representation, not a gap in the proof: a bidirectional
coupling that escapes Theorem 5.22 by living entirely in the saturated regime escapes
only by erasing the very signal the coupling is meant to carry.

Remark 5.24 (Identifiability of « vs k). The logit coupling parameter « = x; - sy (Propo-
sition 4.2, equation (5)) is signal-model derived: x/ is the signal-precision weight and sy
is the value sensitivity under the affine logit-value link. The power-law parameter x in
Cy is a free parameter calibrated by the operator. The identification ¥ = a is the optimal-
for-equivalence calibration; if the underlying signal model drifts, x and « may diverge.
However, the Huber-clipped form remains Lipschitz with constant x (Lemma following
Definition 5.1), so bounded price impact is preserved even under signal drift; only statis-
tical optimality is lost. Bounds on the equilibrium bias induced by such drift fall under
Section 6.

Calibration regime. The dimensionless product x - dmax controls the maximum single-
block coupling impact: for an unsaturated input the bound | G(E) — 1| < |e¥max — 1|
holds, with the C'-clipped form pinning the saturation tail to e**max, A typical opera-
tor default of x € [0.5,0.7] paired with dmax € [0.3,0.5] admits maximum single-block
impacts in the 20-40% range and corresponds to LMSR liquidity profiles in the depth
ranges studied by Hanson [1]. The product « - dmax is the load-bearing dimensionless
quantity; the absolute split between x and dmax trades smoothness of the linear regime
against breadth of the unclipped band. Operators calibrating against an empirical signal-
precision target «; - sy should choose k¥ = « for in-band statistical optimality and dmax to
match the desired worst-case-impact bound. The power-law impossibility theorem (The-
orem 3.2) holds for any («, dmax) in the unsaturated regime; only the impact magnitude
scales with the product.

Spec-core calibration. The reference scalar values used throughout this paper are x =
& = 0.6 and dmax = 0.4, with Huber transition window w = 0.1. Under these defaults
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the linear regime is [/(E)| < dmax — w = 0.3, the unclipped band extends to |¢(E)| <
Smax + w = 0.5, and the saturated tails attach at [¢(E)| > 0.5 with cap e**max = =024,
The numerical witness in Example 5.19 uses k = a = 0.6 in the unclipped regime to verify
Theorem 5.13 on representative probabilities. The shared exponent x = « is the optimal-
for-equivalence calibration of Remark 5.24: under this choice the logit and odds-ratio
forms agree numerically on the bijective subdomain, and the C!-clipped extension agrees
on the linear-regime interior. Operator deployments that vary the calibration should
retain the relation x = « when both representations are simultaneously in use; choosing
« < x yields a more conservative logit response than the odds-ratio form predicts and is
admissible but mathematically distinct.

6 Cross-Venue Manipulation

Cross-venue arbitrage is inherent to any deterministic coupling between a prediction mar-
ket and a spot venue. A trader who moves the prediction price affects the spot price,
creating a manipulation channel. This section bounds the equilibrium bias induced by a
risk-neutral manipulator. Our bookkeeping follows the oracle-manipulation framework
of Angeris and Chitra [26], specialised to the LMSR-coupled setting and augmented with
the AMM-side round-trip slippage.

6.1 Adversary model and equilibrium bias

Consider a one-way logit coupling G,(E) = (E/(1 — E))* (Proposition 4.2) with AMM
reserves (Ry;, Rg) and a co-located LMSR prediction market with liquidity parameter b.
The adversary’s gross strategy is: (a) pre-position notional Q on the spot side at the un-
coupled price; (b) move the LMSR price by ¢ logits; (c) close the spot position at the
coupled price. Three distinct frictions apply.

(F1) LMSR round-trip cost. Moving the LMSR price by J logits and restoring it costs
bE*(1 — E*)6% 4+ O(6%), derived from twice the one-way KL divergence.

(F2) AMM price impact. A pre-positioned trade of notional Q on the CFMM invariant
RyR$ = k incurs round-trip slippage of leading order Q?/(2Rs) on small trades.

(F3) Coupling-induced price change. The coupling shift § moves the coupled spot price by
a factor e*, delivering gross profit Q(e® — 1) = Qad + O(5?) on the pre-positioned
trade.

Proposition 6.1 (Equilibrium prediction bias). Consider a risk-neutral manipulator with pre-
positioned spot notional Q and logit shift 6, facing LMSR depth b and AMM reserves (Ryy, Rp).
The small-shift net objective (with F2 bookkeeping) is

2
I1(6,Q) = aQJ — bE*(1 — E*)8? — T O(8* + Q*/R3). (13)
B
Jointly optimising in (5, Q):

(i) The first-order conditions give 5*(Q) = aQ/ (2bE*(1 — E*)) and Q* = aRpé* = a?*RpQ* / (2bE*(1 —
E*)), with non-degenerate optimum when a>Rg < 2bE*(1 — E*).

(ii) At the joint optimum the equilibrium probability bias is |Eeq — E*| = aQ*/(2b) + O((«Q*/b)?).

(iii) The bias bound |Eeq — E*| < ¢ is enforced by the design-time depth requirement b >
aQ*/(2e).
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Proof. The three frictions (F1)-(F3) give (13). Differentiating in 6 and Q separately gives
the FOCs in (i); substituting |Eeq — E*| = E*(1 — E*)0* + O((6*)?) gives (ii); (iii) is rear-
rangement. O]

Remark 6.2 (Why Q*, not Ry). The raw-reserve bound b > aRy1/(2¢) that omits (F2)
is the defender’s revenue-side bound; it overstates the required depth because the ad-
versary cannot take the full reserve as notional without paying AMM slippage. The
correct parameter is the adversary’s self-chosen notional Q*, which is strictly less than
Ry1. The result is consistent with the Angeris-Chitra [26] observation that CFMM oracle-
manipulation bounds tighten once the adversary’s own trade impact is accounted for.

Remark 6.3 (Linearisation error). The first-order bias formula «Q* / (2b) is a linearisation
artefact; its E*-independence cancels across the FOC and the logit-to-probability map.
Expanding to second order, Ecq — E* = E*(1 — E*)6* + JE*(1 — E*)(1 — 2E*)(6*)* +
O((6*)3). The second-order term vanishes at E* = 1/2 and grows linearly in (1 — 2E*) to-
ward the boundaries; at E* = 0.9, * = 0.3 itis a ~ 3% relative correction to the first-order
estimate.

Remark 6.4 (Attainability). The FOC solution (6*, Q*) of Proposition 6.1(i) is the interior
maximiser of the small-shift quadratic objective (13) with strictly positive net profit. An
explicit adversary using (6*, Q*) thus attains the bias «Q*/(2b) constructively, render-
ing the depth requirement b > «Q*/(2¢) a necessary design-time invariant. Extension
beyond the small-shift linearisation (where the adversary drives the coupling into the
Huber-saturation band) is an open problem (Open Problem 8).

6.2 Persistent-adversary upper bound under rate-limited calibrator

Proposition 6.1 bounds single-block extraction. A persistent adversary who sustains a
loss on the prediction market over T blocks can, in principle, continuously bias E away
from E*, extracting cumulative spot profit that grows linearly in T while paying per-block
LMSR loss that also grows linearly in T. Whether net extraction is positive depends on
the rate at which the defender’s calibrator x; adapts to the bias. The following propo-
sition states the upper bound under an exponentially-weighted-moving-average (EMA)
calibrator response with timescale 7.

Proposition 6.5 (Persistent-manipulation upper bound, EMA calibrator). Consider the
setup of Proposition 6.1 with a persistent adversary sustaining a constant logit shift 65*4V =
aRy/ (4bE*(1 — E*)) across T blocks. Let the coupling calibrator x; evolve under an EMA up-
date with timescale Ty > 1 blocks:

1
Kiy1 =Kt — — (Kt - |Ey — E*|Obs)r (14)
Teal
where |E; — E*|ops is the venue-observable deviation at block t, starting from xq at block t = 0.
Assume the adversary’s per-block LMSR round-trip cost is c,qy := bE*(1 — E*)(624)2, and the
per-block spot extraction is at most aRy6°% (from the gross-profit term of Proposition 6.1). Then:

(i) (Calibrator decay.) Under the adversary’s sustained shift, the calibrator decays as x; <
Ko - exp(—t|EL: .|/ Tea) with |Ef | == aRyi/ (4D).

bias bias

(ii) (Cumulative extraction bound.) Total adversary net extraction over T blocks is bounded
above by

pers(T) < ARy 54 . Teat /| Efins| - (1 _ e—TlEﬁias\/Tml) — T Cagy- (15)
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(iii) (Break-even condition.) Net extraction is negative (adversary unprofitable over any T)
whenever

*

— Cadv ° ’Ebias‘ — aRM(dadV>2/4
al " g Rygoadv aRy 624V / (4E*(1 — E*))

*

Teal < T = HV.E*(1-E¥).

(16)

(iv) (Matching lower bound.) When T, > 1%, the adversary of Proposition 6.1 achieves cu-
mulative extraction growing at rate Q((aRu1)?/b) per block, so the persistent-adversary

bound and the single-block lower bound are matching up to the constant T,/ 7.

Proof sketch. (i) The EMA update (14) at sustained bias |E; — E*|ops = |Ef;, | reduces
to the linear ODE & = —«|Ef .|/ T in the continuous-time limit, with solution x; =
Koe!IFiiasl /Tl The per-block discrete update is bounded above by the continuous-time
solution.

(ii) Integrating the per-block spot extraction «; - «Ry624Y /x over [0, T] under (i) gives
the first term of (15); subtracting the T - c,qy cost gives the bound.

(iii) Setting im7 o0 Ipers(T) < 0 yields aRyd - 1o/ | Efps| < (T - Cady) asymp-
totically. Solving for the critical 7, gives (16); the algebraic simplification uses c,qy =
bE*(1 — E*)(6°%)2 and |Ef,.| = E*(1 — E*)6* to leading order.

(iv) At T = T2, the upper bound in (ii) equals the single-block extraction rate from
Proposition 6.1 summed over T blocks, so the persistent-adversary upper bound is tight

up to the geometric (7.1 /77,;) factor. O

Remark 6.6 (Design-space interpretation). Proposition 6.5 operationalizes the open prob-
lem flagged in Open Problem 9: the EMA calibrator neutralizes a persistent adversary
whenever 1, (the calibrator’s response time) is shorter than the adversary’s per-bias
break-even horizon t7;. The critical timescale 77, = 52V . E*(1 — E*) depends only on
the adversary’s chosen shift magnitude and the base-rate E*, not on the adversary’s du-
ration T; the defender’s response time 7, is a design parameter. A full adaptive-control
treatment under noisy observations (where |E; — E*|ps cOntains measurement error) is
outside the scope of this paper and remains flagged in the open-problem structure (Open

Problem 9); the result here is the idealized-observation upper bound.

6.3 Oracle-manipulation attack upper bound

A related attack surface is oracle manipulation: an attacker who controls (bribes) the
event outcome itself can shift E to an extreme value, pre-position spot, and extract value.
The single-event extraction is bounded by the coupling’s Huber cap:

Proposition 6.7 (Oracle-manipulation upper bound). Under a Huber-bounded coupling with
exponent k and saturation amplitude émax, the maximum single-event extraction by an attacker
who forces full saturation is

(KOmax )?

MEVoracle S RM . (eK(SmaX -1- K(Smax) ~ 5

- Ryt (17)

The attack is profitable iff the extraction exceeds the sum of oracle bribe cost B, AMM trading fees
and slippage, and LMSR round-trip bE*(1 — E*)62.

Proof. Under saturation, G(E) = e**max and AP/P = e"m — 1. For a pre-positioned
trade of value Ry, the payoff in excess of uncoupled is Ry (€™ — 1), minus the linear
cost of movement «émax Ry, giving the quadratic upper bound (17). O

23



ONE-WAY COUPLING

Remark 6.8 (Huber bounding is the defence). The Huber saturation at xdmax caps the
single-event extraction at &~ (k6max)?/2 - Ry regardless of oracle-manipulation magni-
tude. Without the saturation condition (C2) of Definition 5.1, Theorem 5.7 shows the
extraction is unbounded. The saturation is thus the structural defence against oracle ma-
nipulation: bounded impact independent of the signal’s extreme values.

6.4 Persistent multi-block manipulation: matching upper bound

Proposition 6.1 bounds single-block manipulation at ©(aRy/b) bias. A persistent adver-
sary who sustains a logit shift § over T consecutive blocks extracts on the spot side at
a rate @(aRy;) per block while paying LMSR round-trip cost @(bs?) per block in each
direction of restoration. The open question of Open Problem 9 is whether a calibrator
that adjusts x (or the Huber radius dmax) downward on detection of persistent bias can
neutralise the attack. We close this with a matching upper bound.

Definition 6.9 (Rate-limited response calibrator). A rate-limited response calibrator is a mea-
surable function x; = ['(FM*!) mapping the history F*t of observed prediction-market
deviations {|Es — E*|}s<¢ to a coupling exponent «; € [0, kmax|, satisfying:

(Call) Monotone attenuation: x; is non-increasing in the moving average |E — E*| (=T d]

(Cal2) Response time Ty : the calibrator’s attenuation factor satisfies «;/xy < 1(s/Tca) af-
ter s blocks of sustained bias exceeding a detection threshold 0%, where 7 : R>¢ —
[0,1] is non-increasing with 77(0) = 1 and #(s) — 0 as s — oo.

(Cal3) Symmetric extension: the calibrator treats positive and negative deviations identi-
cally.

A canonical instance is the EMA calibrator x; = xo - max(0,1 — A - EMA_ [|Es — E*|]/6*)
with smoothing A > 0 and decay scale 7.

Theorem 6.10 (Persistent-adversary extraction upper bound). Let the coupling be Huber-
bounded logit with exponent xo, saturation dmax, and LMSR depth b. Let the operator enforce a
rate-limited response calibrator I' (Definition 6.9) with response time T, and attenuation profile
1. Then for any risk-neutral persistent adversary sustaining a logit shift |6t < Omax over a
horizon of T blocks, the cumulative net extraction satisfies

T
E[IT2] < &oRu|dmax| - /O 7(s/ ) ds — BE*(1— E*)&2,. - T. (18)

Consequently, whenever the calibrator satisfies the response condition

DE*(1 — E*)dmax

. 19
X0 RM Teals ( )

| nwdn <

the net extraction E[I15%] is uniformly bounded above by a constant independent of T: the persis-
tent adversary cannot achieve unbounded extraction.
For the EMA calibrator with n(u) = max(0,1 — u) (linear decay, [y = 1/2), the response
condition (19) reads
Teal > KoRu
@l = 2bE*(1 — EX)dmax’

which is satisfied by design-time choice of the calibrator.
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Proof. Step 1 (per-block cost). At block t, the adversary’s gross spot extraction is at most
the saturation-capped amount «;Rus|d¢| < x¢Ryidmax (Lemma 5.4 applied at the effective
exponent «;). The LMSR restoration cost is bE*(1 — E*)6? > 0 per block to maintain the
bias, strictly positive on every block where 6; # 0.

Step 2 (calibrator attenuation). Under the assumption that the adversary maintains
|6t] = JOmax (the worst-case for extraction), the detection threshold 6* is crossed after a
bounded transient, and the calibrator’s attenuation factor x; /xg < 7((f — to)/ Tcal) applies
for t > to (where t( is bounded by 7, -scaled detection delay). Summing the per-block
bound overt =0,...,T:

T
E[IT3*] < Y 5, Rbmax — bE*(1 — E*)47.
t=0
Substituting the attenuation bound gives }; «;Rydmax < KoRmOmax - Yt 71 ((t — t0)/ Teal),
which converges to o Rp10max - Teal - fooo n(u)duas T — oo.

Step 3 (bounded-extraction criterion). Net extraction is bounded iff the gross gain inte-
gral o Ryi0max - Teal | 77 is dominated by the cumulative restoration cost bE*(1 — E*)62,., -
T for all T. In the limit the restoration cost diverges linearly in T while the gross gain is
bounded (by integrability of #), so the net is eventually negative. The crossover horizon
is bounded by (19) rearranged. O

Remark 6.11 (Tightness and relation to prior art). The lower bound of Proposition 6.1
gives Q(aRy/ b) per-block extraction for an adversary who pays no restoration cost
(single-block pre-position-and-release). The upper bound of Theorem 6.10 gives O(xoRy10max -
Teal - 17) cumulative over all time for a persistent adversary who pays restoration on
every block. The two bounds close the matching-bounds pair across the per-block /
persistent-horizon dichotomy:

per-block: © (aRp/b), persistent: O (o Ry0maxTeal /1) provided (19).

The response condition is a discrete analog of the Milionis et al. [16] LVR-bound con-
struction in which fee rates are set to offset expected arbitrage loss; here the calibrator
I acts as a controller on the coupling exponent rather than on the trading fee. The O(1)
cumulative-extraction bound exploits full observability of the deviation signal |E — E*|;
a bandit-feedback variant would yield an O(+/T) regret bound instead.

6.5 Governance joint-parameter manipulation

A distinct adversary class is the governance adversary: a coalition that controls a quo-
rum of governance votes and perturbs the calibrator parameters (xg, max, w;) in com-
binations chosen to maximise extraction. Single-parameter governance perturbation is
bounded by Lemma 5.4 (larger xodmax yields larger per-block bound, but the composi-
tion bound is tight at e*’mx — 1 per block). The remaining question is whether joint
perturbation - simultaneously increasing xo, relaxing dmax, and widening the transition
window w; - admits profitable manipulation that no single-parameter perturbation does.
We show that the cumulative effect factors through the scalar xgdmax With no additional
joint-perturbation gain.

Proposition 6.12 (Governance joint-parameter upper bound). Let (k§V, opay, w"™) de-
note the post-governance calibrator parameters, with the pre-governance baseline (Ko, dmax, W)
satisfying the admissibility condition of Definition 5.1. Let Ay = 3" — Ko, As = Shax — Omaxs
Ay = W™ — w. The post-governance single-block price-impact bound satisfies

new

oy

P S exp((KO + AK)((Smax + A(S)) -1 (20)
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The bound depends on (Ay, As) only through their product-sum x§" o5y, it is independent of
Ay. Consequently:

(i) Nojoint-perturbation advantage. Any joint governance perturbation (A, As, M) achiev-
ing post-perturbation impact B"*" is equivalent to a single-parameter perturbation attain-

ing the same x5V oy product.

(ii) Attack cost under quorum-gated governance. A governance adversary controlling
quorum-weight Qgoy must expend cost at least cgov - Qgov per governance cycle to enact
(K5, Opeax ), Where cgoy is the governance-token opportunity cost (lockup yield foregone).

The adversary’s net profit over T blocks is bounded by

ngw 5HGW

E[II58] < TRy (e mx — 1) — cgovQgov-

new

The attack is unprofitable iff cgoyQgov > TRy (e omax — 1),

(iii) Frontier-parameter constraint. Imposing the constraint k3" ogay < C* at the governance-
contract level (a hard cap enforced by smart-contract admissibility) reduces the attack profit
to at most TRy (e — 1) independent of governance coalition size.

Proof. (i) Lemma 5.4’s bound |AP/P| < efmax — 1 uses only the clipper amplitude « -
|p|eo = KOmax; the transition-window shape (parameterised by w) appears in the clipper’s
interior regime, while the saturation amplitude is independent of it. Substituting the post-
governance k", épax gives (20) directly. The bound factors through xj*" oy as a single
scalar; a joint perturbation achieving fixed x5\ achieves the same impact regardless
of decomposition into (Ay, As) components.

(ii) The per-block extraction bound Ry (e max — 1) from (i) times the horizon T gives
the gross profit; subtracting the governance cost gives the net bound.

(iii) The hard cap xj*Voray < C* at the governance-contract level is a smart-contract
invariant: any proposed parameter update violating it is reverted. Under this cap the per-
block bound is e" — 1 regardless of governance-coalition size, which is the claim. O

Remark 6.13 (Joint-perturbation design recommendation). Proposition 6.12 identifies the
frontier-parameter constraint koémax < C* as the load-bearing admissibility condition. The
natural design choice is C* = In(1 + p*) where B* is the operator-chosen maximum per-
block price-impact tolerance; with g* = 0.05 (5% cap) this gives C* ~ 0.0488. Any
governance-proposed parameter bundle failing this constraint is rejected at the smart-
contract admissibility check; the frontier cap is the structural defence against joint-parameter
governance attacks, independent of coalition-weight or lockup-duration assumptions.

6.6 Within-class proposer priority: matching lower bound

The proposer constraints PC1-PC4 of Definition 2.3 bound a block proposer’s advantage
against other traders. Within a single compliance class (a set of transactions with identical
priority-treatment under the ordering rule), the proposer retains one residual advantage:
among the m transactions in the class, the proposer’s transactions enjoy an O(1/m) po-
sitional advantage. We prove this upper bound is matched by an explicit adversarial
construction.

Proposition 6.14 (Within-class proposer priority: matching lower bound). Let a block con-
tain m transactions in a single compliance class (same priority level under PC1-PC4), with iden-
tical independent values V; uniformly random on [0, Vinax|, and let the proposer submit mp < m
transactions in the same class, where mp + my = m with my the number of honest-submitter
transactions. Then:
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(i) Upper bound. The proposer’s expected positional-advantage value (expected first-position
value conditional on a proposer transaction being in the first position, minus the uniform-
random baseline) is bounded by Vimax/2 — Vimax - My / (2m) = Vinax - mp/ (2m).

(ii) Matching lower bound. An adversary controlling proposer role for a single block and
submitting mp transactions constructed to saturate the positional advantage (namely, sub-
mitting the transactions with the mp highest available values V; identified from the public
menpool) achieves expected positional advantage Vimax - mp/(2m) - (1 —O(1/m)), match-
ing the upper bound up to lower-order corrections.

Proof. Upper bound. Under PC1-PC4 the compliance-class definition admits any permuta-
tion of same-class transactions; the proposer has discretion only over the ordering within
the class. Under PC2 (ciphertext opacity) the proposer cannot inspect the plaintext val-
ues of honest-submitter transactions, only the ciphertext count mpy. By exchangeability of
the uniformly-distributed values V; under any FP*-measurable permutation rule, each
of the m positions in the class has the same expected value Viax/2. Assigning the pro-
poser’s mp transactions to the first mp positions gives proposer value mp - Vimax/2; the
uniform-random-ordering baseline assigns the proposer an expected mp - Vinax/2 total.
The positional advantage, defined as the difference between the proposer’s realised total
under its discretion-maximising rule and the uniform-random baseline, is bounded by
the gap in the expected value of the first position relative to the uniform average. With
mp/m as the fraction of top positions the proposer occupies, the per-class gain is at most
Vinax - ﬂ’Zp/<2m)

Matching lower bound. The adversary controls the proposer and submits mp transac-
tions of value Vinax (or arbitrarily close); the honest-submitter transactions are encrypted
(PC2) but exchangeable with expected value Viax/2. Placing the mp adversary trans-
actions first and the mpy honest transactions thereafter yields proposer-captured value
mp - Vimax versus the uniform-random baseline mp - Vinax/2, a gain of mpVmax/2. Nor-
malising by the class-size m gives advantage Vimax - p/ (2m), matching the upper bound
exactly. The matching relies only on exchangeability of the honest values (not on the
adversary’s ability to observe them), consistent with PC2 opacity. O

Remark 6.15 (Defence: random intra-class ordering). The residual O(1/m) advantage of
Proposition 6.14 is eliminated by mandating random intra-class ordering: within each
compliance class, the order of transactions is determined by a publicly-verifiable unbi-
asable seed (e.g., RANDAO-post-commit hash applied to transaction identifiers). Under
such mandated ordering the proposer’s expected advantage reduces to zero; the residual
bound holds when ordering is at-proposer-discretion within the compliance class. The
choice is a PC-extension (call it PC5: intra-class random ordering) which strengthens The-
orem 2.5’s guarantees at the cost of slightly increased consensus complexity.

7 The Trading Function

We now develop the AMM side of the coupling: the invariant surface that, together with
a one-way coupling G, produces the coupled marginal price. This is standard CFMM
theory specialised to the one-way-coupling setting.

7.1 The power-law invariant

We seek a trading function ¢(Ry, Rp; §) = k satisfying:
(TF1) Feasibility: ¢ defined and positive for Ry, Rg > 0and g € [g, g].
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(TF2) Scale-invariant signal impact: multiplicative change in g produces multiplicative
change in P, reserve-independent.

(TF3) Closed-form IL: the impermanent loss admits a closed form.
(TF4) Uniswap recovery: at ¢ = 1, ¢ reduces to Ry - Rp = k.

Proposition 7.1 (Characterisation of the power-law invariant). Among differentiable trad-
ing functions satisfying (TF1)-(TF4), the power-law invariant

¢(Rm, Rp;g) = Ru - R§ =k (21)
is the unique solution up to reparametrisation.
Proof. TF2 forces 0P/dg = P/g, so P = ¢f(Ry/Rg). TF4 gives f(x) = x, hence P =
gRu/ Rp, which integrates along the invariant to Ry R§ = k. TF1, TF3 verified directly. O
7.2 Marginal price

The invariant surface is {(Ry, Rp) : RMRg = k}; equivalently, InRy; + ¢InRg = Ink.
Implicit differentiation gives

g Rm

P —
Rg

(22)

Remark 7.2 (Single invariant). There is one invariant, RMRg = k. No separate “account-
ing invariant” is needed: value conservation is a constraint on the swap operation, not a
property of the state.

8 LP Loss Analysis

8.1 Impermanent loss for the generalised invariant

Proposition 8.1 (IL formula). For the invariant RyR§ = k, an LP who deposits at price Py and
experiences a price move to Py = rPy incurs impermanent loss

1) -8/ (gt
Lirg) = 8 g)H — -1 (23)

Proof. From RyR§ = kand P = gRy/Rg: Ry = (gk/P)Y/ 8+, Ry = k1/(8+1)(P/ g)8/(s+1),
AMM portfolio value Vayp(P) = (g+ 1)k 8+ (P/¢)8/ 8+ 50 Vanm(P1) / Vamm (Po) =
r8/(8+1), Using value conservation at Py gives Vioq(P1)/Vamm(Po) = (1+g7r)/(1+g).
Dividing yields (23).

The inequality IL(r;g) < 0 is equivalent to (g + 1)r8/&*1) < or 4+ 1, which is the
weighted AM-GM with weights ¢/(g+1) and 1/(g +1). O

Remark 8.2 (Uniswap recovery and negativity). At ¢ = 1: IL(r;1) = 2y/r/(1+7) — 1,
the standard second-generation Uniswap formula. For any ¢ > 0Oand r # 1,IL(r; g) < 0.
Coupling leaves IL present; the LVR coefficient decreases for ¢ # 1, reducing the rate of
IL accumulation.
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8.2 LVR reduction

Proposition 8.3 (LVR coefficient for the power-law invariant). The Milionis et al. [16] LVR
coefficient for the invariant RyR§ = k is

_ 8
t(g) = CESE (24)

This is maximised at ¢ = 1 with £(1) = 1/8; forany g # 1, ¢(g) < 1/8.

Proof. The AMM portfolio value is V(P) = (g + 1)k'/&*+1(P/¢)8/(8*+1) (Proposition 8.1
derivation). The Milionis et al. LVR rate is —(¢?/2)P?V"(P). Direct computation gives
—P2V"(P)/V(P) = g/(g + 1)?, so the rate as a fraction of portfolio value is £(g)c?* with
U(g) =g/ (2(g+1)%).

First-order condition at ¢ = 1: #/(¢) = (1 — ¢)/(2(g + 1)®), which vanishes at ¢ = 1;
second derivative is negative there, confirming the maximum. O

8.3 Coupling loss
Proposition 8.4 (Coupling loss). A coupling change go — g1 at any price P produces a portfo-
lio value ratio

1 +CL(80,81) = ’ (25)

g1+1 (go)gl/(g1+1)
go+1 &
which is independent of P, strictly less than 1 whenever go # g1, and in general non-symmetric

in (80,81)-

Proof. On the gp-surface at price P, V) = (go + 1)k(l)/(g°+l)(P/go)gﬂ/(go“). After a cou-
pling change the reserves are unchanged but k; = Ry R3'. Arbitrage restores the external
price P on the gi-surface. The exponent of P in V;/Vj is

80— &1 L8 &
(go+1)(g1+1) g +1 g +17

which matches Vj’s exponent, so V; / Vj is P-independent; collecting the remaining factors
gives (25). Strict inequality from weighted AM-GM with weights ¢1/(g1+1) and 1/ (g1 +
1). O

8.4 Path dependence

Proposition 8.5 (Path dependence under dynamic coupling). When g varies over time, the
total IL depends on the full path of (P, g;), with first-order dependence on |Ag|. Correctly-directed
signals arriving early reduce IL; wrongly-directed signals arriving early increase it.

Proof. Compare Path A (coupling change first, then price move) and Path B (price first,
then coupling). For g1 = go + & with |e| < 1:

ILy—ILg = s[agIL(r;gO) +(1+ IL(r;gO))aglpyglzgo} +O(e),
where p(go, g1, 7) is the Path A-specific correction factor. The coefficient is nonzero for r #

1, confirming first-order path dependence. Sign analysis follows from reserve rebalancing
direction. ]
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8.5 Break-even condition

Proposition 8.6 (LP break-even under GBM-Poisson coupling dynamics). Let the price
follow dP/P = udt + o dW, let coupling changes arrive as a Poisson process with rate A. and
magnitudes Ag ~ N(0,03), let the signal be correct with probability p € (1/2,1), and let f
denote trading fees, V expected volume per unit time, L pool depth. The LP is rational iff

(26)

Aco2 (1= p)Aco,0
. 2 c¥s P)Ac0g0Y
f V>[w+2(g+l)2 g+1 R
LVR

coupling loss signal-error cost

Proof. The LVR rate is ¢(g)c?L (standard Milionis et al.). Coupling loss from (25) ex-
panded to second order gives CL(g, ¢ + Ag) ~ —(Ag)?/(2¢(g + 1)?), times arrival rate
A¢ and variance (782,. Signal error is the path-dependence term from Proposition 8.5 aver-
aged over wrong-direction events. O

Corollary 8.7 (Signal-accuracy crossover). Setting the coupling benefit equal to the signal-

error cost,
[6(1) — £(g)lo(g+1)
Acog

pr=1- .
For representative parameters (¢ = 1.5, 0 = 0.8, A =~ 1/day, g =~ 0.5), p* ~ 0.98: the
prediction market must be correct at least 98% of the time for coupling to be net positive through
the LP-loss channel alone. Information value (Section 9) dominates this channel by construction.

9 Information Value of Coupling

The LVR reduction from coupling is a modest second-order effect. The dominant eco-
nomic effect is information value to traders: coupling provides same-block price correc-
tion in thin markets where arbitrage cannot be relied upon, reducing adverse-selection
costs for traders who transact at the coupled price. We now formalise this and prove that
information value structurally dominates LVR reduction.

9.1 Information value: definition and first-order expression

Definition 9.1 (Price-accuracy benefit). The price-accuracy benefit is the expected reduc-
tion in adverse-execution cost for a trader transacting at the coupled vs. uncoupled price:

Iinfo = q- ]EHPcoupled - V‘ - |Puncoupled - VH

Proposition 9.2 (Information value under four idealisations). Under the idealisations: (A1)
Gaussian signal noise e 4 ~ N (0, (7124), ep ~ N(0, (7123), independent; (A2) binary signal-correctness
indicator (p > 1/2); (A3) linear price impact (valid for small xog); (A4) exogenous volume. Then
the expected price-accuracy benefit per unit traded is

2
HinfOZQ'(zp_l)‘K‘UE‘\/;/ (27)

where o is the prediction-signal standard deviation in log space. Aggregating over volume V
and comparing to LVR reduction [((1) — £(g)]c?L yields

V(2p —1)koev2/ 7
[£(1) = £(&)]e?L

(28)
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Proof. Under Gaussian €4, E[|e4|] = 04v/2/7m. Under (A2) and (A3), the coupling ad-
justment shifts the error by +«xor with signs weighted by p (correct) and 1 — p (wrong),
yielding net expected benefit per unit (2p — 1)xog\/2/ 7. Aggregation over volume V
and comparison to LVR reduction give (28). O

Remark 9.3 (Scope of idealisations). The four idealisations constrain the validity of (27).
(A1) Gaussianity conflicts with the self-reference noted in Section 4.1: € 4 and €p are not in-
dependent because Payv already incorporates G(E); the formula is thus an upper-bound
on information value, not a self-consistent estimator. (A2) collapses a continuous predic-
tion error into a binary outcome; a refined version would weight by signal magnitude.
(A3) requires ko < 1; for kog > 0.5 nonlinear effects dominate. (A4) fails whenever
coupling-induced prices change volume elasticity. Relaxing any of (A1)-(A4) invalidates
the derivation of the v/2/7 constant and of the linear-in-xog scaling in (27); the ratio in
Theorem 9.4 is therefore an order-of-magnitude statement under these idealisations, not
a regime-independent structural conclusion.

9.2 Ratio of first-order and second-order effects

Theorem 9.4 (Information value over LVR reduction, near the constant-product max-
imiser). Under (A1)-(A4) of Proposition 9.2, in the Taylor-linearisation regime ¢ = 1 + ko,

MgV 32Q2p—1)V2/7 V

= 29
ALVR - L KOEO? L (29)

where ALVR = [((1) — £(1 + xog)]oL. The ratio is @(1/ (xo)), diverging as xog — 0.

Proof. Per-unit information benefit: (2p — 1)xog\/2/7; aggregated over volume (2p —
1)xog+v/2/ V. LVR reduction at ¢ = 1: because ¢'(1) = 0 (the constant-product invari-
ant is the LVR maximum), the Taylor expansion gives ¢(1) — ¢(g) = —¢"(1)(g —1)?/2 +
O((g—1)%) = (g —1)2/32+ O((g — 1)%). Substituting ¢ = 1+ xog and taking the ratio
gives (29). O

Remark 9.5 (Interpretation and scope). The divergence as ko — 0 reflects that the com-
parison is taken at ¢ = 1, which is the critical point of the LVR map /. Any smooth map
compared to its second-order Taylor term near a critical point yields an O(1/¢) ratio. The
result is the generic behaviour of a first-order quantity divided by a second-order quan-
tity near a critical point. A stronger comparison would use a non-critical baseline (e.g.,
g = g* # 1), which we do not pursue here. The take-away: at leading order in the cou-
pling strength, information value dominates LVR reduction near the constant-product
regime; deviations from ¢ = 1 bring the two into comparable order. The bound is tight
under the (A1)-(A4) idealisations of Proposition 9.2, which Remark 9.3 documents.

10 Joint Prediction-AMM Clearing (Reference Construction)

Scope note. This section presents the clearing constructions used by the rest of the pa-
per. The discrete call-auction program is the Peters-So-Ye convex parimutuel mecha-
nism [7] on the Lange-Economides lineage [5, 6]; the continuous fixed-generator form
of Section 10.4 uses the classical Kolmogorov-Nagumo mean structure [8, 9]. Neither in-
gredient is claimed as a discovery here. The load-bearing claims of this section are the
outer fixed-point analysis for one-way coupling, the continuous-state equilibrium state-
ment, and the bounded-grid discretisation / atomic-limit connection.
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10.1 Log-barrier formulation

Let n be the number of orders, each specifying direction, limit price p;, and maximum
quantity g;. Let 0; € [0, g;] denote fill fractions and S(¢’) the surplus function. The clearing
program is
log o
max S(o) +6 Zl: og 0; (30)

subject to margin and fill constraints, market balance, and the invariant In R}, + gIn R}, =
Ink with ¢ = G(E) determined by the prediction state. The invariant is affine in log-
reserves, making the inner program convex in log-reserve coordinates.

Remark 10.1 (Log-reserve formulation). The invariant constraint (21) is affine in (In R}, In R},).
The original multiplicative form R}, - R;® = k is not convex in (R}, R}) for general g. The
inner optimization (at fixed g) is convex in log-reserve coordinates. The relationship be-
tween fill fractions ¢; and log-reserves involves the nonlinear map ¢ — In(R + A(0));

the practical solver operates in fill-fraction space using the nonlinear constraint as a man-
ifold projection. Convergence of this projection is proved in Theorem 12.4 under the
stated compact-away-from-zero, LICQ, and restoration hypotheses.

The log-barrier term 0} _;log(c;) serves two purposes: it replaces quadratic regular-
ization (eliminating a tuning parameter), and as 6 — 0 it converges to the surplus-
maximizing solution with maximum-entropy fill distribution among all optimal solu-
tions.

10.2 The non-convex joint problem

The joint prediction-spot clearing problem is non-convex because G(E) depends on the
prediction market state, which is itself an output of the clearing process. For a fixed value
of g, the spot clearing problem is convex in log-reserve space.

The joint prediction-spot clearing problem decomposes as follows: for each fixed
value of g € [g,g], the inner spot-clearing program is convex in log-reserve space and
admits a unique solution (Theorem 12.4); the outer problem of selecting ¢ consistent
with the prediction-market clearing reduces to bisection on a single scalar. The inner
program uses self-concordant log-barrier methods [20, 19] with Newton-iteration count
O(y/nlog(1/¢)); the outer bisection takes O(log(1/¢)) evaluations. The power-law regime
is handled by Theorem 10.2 below; the logit regime by Theorem 10.5.

Theorem 10.2 (Verifiable clearing, power-law regime). In the power-law coupling regime
G(E) = E*, assume the cleared spot-price response P*(g) obtained after the inner reserve-clearing
program is C' on the operating interval and satisfies

dlogP*(g)‘
— 9 Ol [p.
p dg s Lp

8

Assume also the posterior map E*(P) = a + clog P is valid on the same interval and

sup xle| (E*(P*(g)))*'Lp < 1.
8
Then the joint prediction-AMM clearing problem admits a unique solution computable in

O(n*’log(n/e)log(1/e)) C O <n3 logz(l/s))

via bisection on g: the inner constrained program converges under Theorem 12.4, and the outer
scalar root is unique under the full cleared-price response bound of Lemma 10.3.
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Proof. Decompose into three steps.

Step 1 (prediction market clearing). For fixed E, LMSR clearing gives unique solution [2].

Step 2 (spot clearing at fixed g). For fixed ¢ = E¥, the spot program (30) is convex in
log-reserve space; interior-point methods give unique solution in O(n?°log(n/e)).

Step 3 (fixed point via bisection). Define ¥ : [g,g] — [g, 8] by: given g, solve spot
clearing for equilibrium reserves (R}, Rj), compute the cleared spot price P*(g), solve
LMSR for E*(P*(g)), set ¥(g) = (E*)". Let

F(g) =Y(g) — ¢

Because Y is continuous and maps [g, g] into itself, F(g) > Oand F(g) < 0. By Lemma 10.3,
¥ is differentiable on the operating interval and satisfies |'¥'(g)| < 1 under the stated con-

traction bound. Hence
Fi(g) =%'(g)—-1<0

throughout the interval, so F is strictly decreasing and has a unique zero. Bisection on
that scalar root therefore converges in O(log(1/¢)) evaluations.
Each bisection evaluation costs O(n?° log(n/¢)); total cost is therefore

O(n*log(n/e)log(1/¢€)) C O<n3 10g2(1/8)> :

O]

Lemma 10.3 (Full cleared-price response bound). Let P*(g) denote the price produced after
solving the inner reserve-clearing program at fixed g. Under the local-linearisation assumption
E*(P) = a+ cIn P and the response bound sup, |dlog P*(g)/dg| < Lp:

(i) ¥'(g) = xc(E*)* 1 dlog P*(g)/dg.
(i) [¥'(g)| < x|c|(E*)*'Lp.

(iii) Y is a contraction whenever the right-hand side is uniformly strictly less than 1 on the
operating interval.

Proof. The map is ¥(g) = (E*(P*(g)))*. Differentiating the composite gives

1 dE* dlogP*(g) _1dlog P*(g)
/ _ *\k—1 S g _ *\k—1 g 8
Y'(g) = x(E*) dlog P ig = kc(E™) 7dg .

Taking absolute values and applying the response bound gives the stated contraction
condition. The bound is deliberately on the full cleared-price map: it includes the depen-
dence of the optimizer’s reserves (R, Rj) on g. O

Remark 10.4 (Regime scope). Theorem 10.2 treats the power-law regime. Theorem 10.5
treats the Huber-bounded logit regime by linearising the logit posterior map u*(P) :=
logit E*(P) rather than the probability map E*(P) itself. What remains open is only the
second-order acceleration problem at the Huber breakpoints (Open Problem 3), not first-
order convergence.

10.3 Logit-regime clearing convergence

We resolve the first-order fixed-point part of Open Problem 3 by extending the con-
traction analysis of Lemma 10.3 to the Huber-bounded logit coupling G/(E) = exp(« -
h(logit E)), where h is the 3-piece sign-mirrored Huber clipper of Example 5.2.
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Theorem 10.5 (Verifiable clearing, logit regime with Huber bounding). Let the coupling be
G¢(E) = exp(a - h(logit E)) with « > 0, Huber radius Smax, and transition window w. Suppose
the posterior logit is locally affine in In P around the operating point,

u*(P) :=1logit E*(P) = ay+c¢/InP,

with constant slope c,. Suppose the full cleared-price response at fixed g satisfies sup,, |dlog P*(g)/dg| <
Lp. Then the joint prediction-AMM clearing problem admits a unique solution computable in

O(n*>log(n/e)log(1/¢)) C O<n3 logz(l/e))
via bisection on ¢ = G,(E), provided
e“m|ac| - W]l Lp < 1, (31)

where ||h'||« = 1 is the Lipschitz constant of the Huber clipper.

Proof. Step 1 (inner program unchanged). The inner log-barrier program (Theorem 12.4)
depends on the scalar ¢ = G(E) only through the manifold constraint In R}, + gIn R} =
Ink. The convexity analysis of Theorem 12.4(i)-(iv) holds for any g > 0, in particular for
g € [e%max gT®max] (the image of G, under Lemma 5.4). Unchanged from Theorem 10.2.

Step 2 (outer map: logit-regime derivative). Define the fixed-point map ¥ : [e~%%max, g ®omax] —
[e~%0max g Ta0max] by: given g, solve spot clearing for (R}, R}), compute the cleared price
P*(g), solve LMSR for E*(P*(g)), set Y¢(g) = G,(E*). Differentiating through the logit
state u* = logit E*,

aG,, , dlog P*
¥i(g) = ) e TEE
dG .
Aot il (0)Gi(w)

by the assumed affine logit map. Writing u* = logit E* and applying the chain rule
through u*(P*(g)) gives

/ 10 %N\~ " dlog P*
() = w6 () TS

Step 3 (uniform contraction). Under the Huber clipper of Example 5.2, h € C! (Lemma 5.3)
and h' is piecewise-linear with |I/| < 1 globally.

Here the Huber clipper is load-bearing: in the saturation regime |u*| > Omax + W,
W(u*) = 0,50 ¥)(g) = 0 exactly. In the interior and transition regimes, |i'(u*)| < ||h'||c
and Gy(E*) < e*max, hence

[¥7(8)| < e®macy| - || || Lp.

The contraction condition (31) is therefore sufficient for Banach’s theorem to apply, giving
a unique fixed point with geometric convergence.
Step 4 (piecewise-C handling and scalar root). Let

Fy(g) :==Yu(g) — &
Since ¥ is continuous and maps [e~%max, e*®max] into itself,

Fy(e™™max) >0,  Fy(e™mx) < 0.
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At the Huber breakpoints logit E* € {£(dmax = w)}, I is continuous (Lemma 5.3) and
nondifferentiable. The bisection method does not require second-order regularity. On
each smooth piece,

Fy(g) =Yi(g) —1 < [¥y(g)|—1<0

by (31). Thus F, is strictly decreasing across the whole interval and has a unique zero. Bi-
section on Fy therefore converges in O(log(1/¢)) evaluations regardless of the piecewise-
C! structure.

Step 5 (complexity). Each bisection step invokes the inner solver at cost O(n?° log(n/¢))
(Theorem 12.4(iii)); total cost is therefore

O(n*°log(n/e)log(1/¢)) C O(n3 logz(l/s)) :

O]

Remark 10.6 (Saturation-as-stabiliser). In the logit regime the Huber saturation plays two
roles: it bounds per-block price impact (Lemma 5.4), and it forces ¥/, = 0 on the satura-
tion band so that contraction is automatic there. In the power-law regime (unclipped)
convergence of the bisection-on-g map requires the explicit condition ¥ < 1 plus moder-
ate reserve magnitudes (Lemma 10.3); the logit-with-Huber regime replaces this global
condition with a local one, trivially satisfied in the saturation band where i’ = 0.

10.4 Continuous Product Constant-Argument Mean on bounded outcome spaces

Let O = [w, @] C R be a compact outcome space with Lebesgue measure dw. Fix A > 0
and a scalar generator ¢ € C2((0,0)) that is strictly convex. Because the total-mass con-
straint below fixes [, #(w) dw, replacing ¢ by ¢ + ax + b changes the objective by an
additive constant only. We therefore normalise the generator so that ¢’'(x) > 0 on the
relevant density range; this is exactly the Kolmogorov-Nagumo fixed-generator conven-
tion [8, 9].

Definition 10.7 (Continuous Product Constant-Argument Mean). Fix 0 < m < M < oo
such that m|Q)] < 1 < M|Q)|, and let u € C(Q) denote the aggregate marginal order-
value density induced by the call auction. The admissible set is

d
mm(Q) = {y cP():u<Kdw, p, = % eL®()), m < py(w) < Ma.e.}.

Equivalently, the density representatives form

Apm = {p € L2(Q):m<p(w) < Mae, /Qp(cu) dw = 1} .

The continuous CPCAM clearing problem is

R R VAR

where

1) = [ ulw)du(w) =r0ful, @)= [ plpu(w))de.

Because () has finite measure and m < p,, < M, both terms in J(p) are finite on M{<, (Q2).
The fixed-generator condition means that the same scalar convex function ¢ is used at
every state w.
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Lemma 10.8 (Potential functional: well posed, lower semicontinuous, and strictly con-
vex). Assume

= inf ¢ > 0.
my = dnt ¢"()

Then ®[u] is finite on Mjy¢ ,(Q)), weakly lower semicontinuous under the density identification
1 oy € Ap,m, and satisfies

Ptpr + (1= Hpa] < @[] + (1= )Ppia] — 3mpt(1 = 1)l pg — ppcll7z )
for every p1, pa € M7\ (Q) and t € (0,1).

Proof. Finiteness is immediate from p, (w) € [m, M] almost everywhere and compactness
of Q). For the convexity bound, set p; := tp,, + (1 — t)p,,. Strong convexity of ¢ on [m, M]
gives the pointwise inequality

47(Pt) < t(lb(pm) + (1 - t)(,b(Pyz) - %m‘i’t(l - t)(Pﬂl - p%z)Z'

Integrating yields the stated estimate, hence strict convexity whenever p,, # p,, on a
set of positive measure. Lower semicontinuity follows because @ is a convex continuous
integral functional on the bounded L?(Q) set A, m- O

Theorem 10.9 (Continuous CPCAM: existence, uniqueness, and Arrow-Debreu density).
Under the assumptions of Lemma 10.8, the continuous clearing problem (32) has a unique max-
imizer p* € My, (Q). Writing p* := du*/dw, if the maximizer is interior, meaning m <
p*(w) < M for almost every w € Q), then there exists a scalar € R such that

u(w) —n =Ad (p*(w))  foralmost every w € Q. (33)
Consequently the positive density

T (w) := AP’ (p™(w)) (34)

is the Arrow-Debreu state-price density up to normalization. Writing

v T@)
7' (w): Jo ™ (s)ds’

every bounded payoff f € L*(Q) has cleared price
() = [ flw)q"(w) de.

If g% is continuous, then the call-price surface

w

C(K) := I((w — K)*) :/K (w — K)g*(w) dw (35)
satisfies
2
ToK) =g'(K)  forKe (w) (36)

Proof. Identify u € M;s, (Q) with its density p, € Ay m. The set A, 1 is non-empty,
closed, convex, and bounded in L?(Q)); because L?(Q)) is reflexive and Q) has finite mea-
sure, it is weakly compact. The linear part p — [, u(w)p(w) dw is weakly continuous,
while Lemma 10.8 makes ® weakly lower semicontinuous. Hence | is weakly upper
semicontinuous on a weakly compact set, so a maximizer exists.
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For uniqueness, let yi1, pa € Mj7 1 (Q) with densities p1, pp, and lett € (0,1). Lemma 10.8
gives

Dltpr + (1= o] < 1@[pr] + (1 = ) @pa] — gt (1 —t)llo1 — P22 0)-

Subtracting A® from the linear revenue term therefore yields

J(tn + (1= Dpz) = H (1) + (1= O] (2) + 5241 = B)llpr — p2 2y,

so | is strictly concave and the maximizer is unique.
If y* is interior, density variations p* + ev with [, v = 0 remain admissible for [¢|
small. Differentiating J((p* + ev) dw) at e = 0 gives

/Q(u(w) — A’ (p*(w)))v(w)dw =0  forevery v € L*(Q) with /Qv =0.

Therefore u(w) — A¢’(p*(w)) is almost everywhere constant, proving (33) for some 77 € R.
The normalization ¢’ > 0 on [m, M] makes 77* positive. The pricing rule I(f) := [, fq*
is linear and positive, so g* is the normalized Arrow-Debreu state-price density of the
cleared economy.
For the call-price identity, differentiate (35) under the integral sign:

ac, . (Y ac, .

T == [ r@do, 55K = (K),
where continuity of g* justifies the second differentiation. This is the Breeden-Litzenberger

relation [10] applied to the state-price density produced by the clearing problem itself.
U

Proposition 10.10 (Atomic discretization recovers the discrete CPCAM). Let Iy = {CgN), ..

be partitions of () with mesh size hy := max; ]Cl-(N)| — 0, and choose a representative point
(N)
¢

;€ CZ.(N) for each cell. Restrict (32) to piecewise-constant densities

kN kN
on(@) =Y 1M (@), Y ICY N =1, m<p™ <m
i=1 ! i=1
Writing
w1
u; = M/C(N)u(w)dw,

the restricted problem is the finite-dimensional program
V)| N N) 3 NS ) g (V)
max Y G = AN UG (), (37)
i=1 i=1
which is the discrete CPCAM on the atomic state space {r;‘l.(N)}:.‘i’l with reference masses |Cl.(N) |.
Writing
kn
o= OB, i Yo,
i=1 :

the discrete optimizer is therefore an atomic measure. Each N has a unique maximizer, and if u
is Lipschitz on Q) then the lifted piecewise-constant maximizers p% dw converge in L'(Q}), hence
narrowly, to the continuous maximizer y*. The atomic optimizers vy, converge narrowly to y* as
well. The discrete state-price vectors

™ = A (™)

converge cellwise almost everywhere to the continuous density 7v* of (34).

37



ONE-WAY COUPLING

Proof sketch. Let Jiy denote the discrete objective in (37). The finite-dimensional program
is strictly concave by the same m, argument, so each partition has a unique maximizer.
Because u is Lipschitz and ¢ is CZ on [m, M], Riemann-sum consistency gives a uniform
approximation

sup |In(#) = J(w)| = O(hn),
HEAL

where A;NI\)A is the piecewise-constant admissible class on Ily. Strict concavity upgrades
objective consistency to convergence of unique maximizers: if the lifted densities p};
failed to converge to p* in L!, one would obtain an L2-separated subsequence whose
objective gap is bounded below by strong concavity, contradicting [y — ] uniformly on
A;NX,I Continuity of ¢’ on [m, M] then yields 711»(N) — 711 cellwise almost everywhere.

For the atomic measures, compare vy with the lifted piecewise-constant measure

pn dw. For every Lipschitz test function f,

[ fao = [ frpnt@)de] < 3 [ 1FE) = flw)ln do < Lip(f) i

Hence 13, and p}; dw are indistinguishable in the narrow topology as hy — 0, so the
atomic optimizers converge narrowly to p*. O

Theorem 10.11 (Continuous logit coupling and grid-refinement convergence). Let

I .= [e_"“smax, e‘H’“Smax] .

Foreach g € 1, let uy € C(Q)) be the order-value density in Definition 10.7; assume (g, w)
ug(w) is jointly continuous and uniformly Lipschitz in g. Let pg be the unique maximizer of (32)

with u replaced by ug, fix a strictly positive f € C1(Q), and define the scalar price statistic

Prlg) = [ flw)duy(eo)

Assume the posterior logit is
*(P)=ay+c/InP,

that Py is Clon I, and that
/
i

Pr(g) <1. (38)

L := e®mx|acy| |1 || oo SUP
g€l

Define the continuous outer map

¥ieo(g) := exp(ah(£*(Pr(g))))-

Then Y « is a contraction on I and has a unique fixed point g,.
' NOZ'U let .HN be partitions'as' in Proposition 10.1'0, let iy o = PN dw be the corresponding
lifted piecewise-constant maximizers for ug, and define

Pnle) = [ fl@)diig@) Fonlg) = expl(@h(t (Pru()))).

Assume each Py, is C' and obeys the same logarithmic-derivative bound as in (38). Then every
Y, N is a contraction on I with unique fixed point gy, and

supgel ‘\P&N(g) - TZ,OO (g)’
1—-L '

sup [Fen(8) = Yie(8) =Ohn), I8N —8al <
gc

If vy is the atomic optimizer associated with gy in Proposition 10.10, then vy, — pg. .
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Proof. Differentiating the continuous outer map gives

W) = ¥irag) W (£ (B () -1 S
t,oo\8 t,e0\§ (8 gpf(g).
Because ¥/ (g) € I and |I'| < ||I/||c = 1 by Lemma 5.3,
/
¥ ()] < e o [ < 1< 1.
' Pr(g)

Hence ¥/ is a contraction. The same derivative formula with Pr replaced by Py y shows
every discrete map Y,y is a contraction under the same bound. The Huber clipper re-
mains the same C! three-piece function as in Theorem 10.5; bounded-grid refinement
changes only the argument passed into /, not the junction conditions or the saturation
derivative i’ = 0 on the capped region.

Apply Proposition 10.10 pointwise in g. Joint continuity of u, and compactness of
I x ) make the Riemann-sum consistency constant uniform in g, so

sup HP?\I,g - PgHLl(Q) = O(hn).
gel

Since f is bounded,

Sul? |Prn(g) — Pr(g)| = O(hn).
g€

The positivity of f and the density bounds keep Py and Py y inside a compact subset of
(0, 0), on which ¢* and exp(ah(-)) are Lipschitz. Therefore

sup [¥/,n(8) — ¥i0(8)| = O(hn)-
g€l

For the fixed points,

18N — ool S IFN(SN) = Fr00 (8N T 1¥ 0,00 (8N) — Fr00(850)| < sup [Fun(8) — F¥reo() +LISN — 81,

g€l

which rearranges to the stated bound. Finally, Proposition 10.10 gives narrow conver-
gence of the atomic optimizer to yi7 at each fixed g, and the continuity of ¢ — u7 implied
by strict concavity upgrades this to v, — g, once g5 — 8%

Remark 10.12 (One-way coupling survives the continuous extension). Section 3 is agnos-
tic to the dimension of the spot state. If a prediction report E perturbs the cleared mea-
sure ‘u}*:, and the prediction payoff depends on any differentiable spot statistic Pf(ﬁ ) =
Jo f(w) dus( i (w), the same mixed-partial obstruction applies with P replaced by Py. Pass-
ing from reserve vectors to densities therefore does not reopen the forbidden reverse
mechanism channel: the continuous CPCAM remains admissible only as a one-way cou-

pling.

Remark 10.13 (Bounded-grid discretisation and validator determinism). Validator execu-
tion replaces the continuum by a fixed quadrature grid on the bounded interval () and
evaluates the integrals in (32) with deterministic node/weight tables. If f has bounded
second derivative on (), a conservative affine-rescaling of the composite-trapezoid enve-
lope gives

3
) dor = Qutf)| < Gz sup I (w). 39)
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The continuous model therefore carries two separate error scales: finite-precision arith-
metic on the chosen grid and quadrature bias O(N~2) from approximating the contin-
uum. On any fixed grid, the normalized state-price vector returned by the solver is al-
ready the directly observable Arrow-Debreu density for that discretized economy; pas-
sage to the continuum is controlled separately by (39).

Remark 10.14 (View-stable leader agreement is a precondition for validator determinism).
The bounded-grid determinism statement of Remark 10.13 presupposes that every non-
faulty validator clears the same trade-batch against the same pre-state in the same view.
When leader selection is keyed to each validator’s local quorum certificate rather than
a view-stable snapshot, two validators entering the same view with divergent high-QC
observations can compute different proposer indices, fork the cleared batch, and subse-
quently disagree on the post-state y* even though the underlying numerical program is
identical. The obstruction is consensus-layer: determinism of the numerical clearing does
not imply determinism of which clearing is accepted as canonical.

Sufficient condition (view-stable leader seed). Letseed(view) := H(qc;,,,-block_hash, view)
where qcf,,,, is the justifying QC frozen at view entry (i.e., extracted from the view-
change justification, not from subsequently-arriving local high-QC updates). If every val-
idator computes the proposer index from seed(view) and rejects any proposal whose ad-
vertised proposer does not recompute from the same frozen snapshot, then all non-faulty
validators agree on the leader within a view and therefore on the unique trade batch that
leader publishes. Combined with Remark 10.13, this yields deterministic agreement on

u* at every non-faulty validator after the clearing step.

Diagnostic belt. Requiring the proposer to attach the justifying QC to the proposal en-
velope (so receivers recompute and check the proposer index against the enclosed QC)
complements the view-stable seed by converting any residual divergence into an imme-
diate mismatch rather than a silent vote-collection livelock. The first mechanism rules
out divergence by construction; the second makes residual divergence observable and
actionable.

10.5 Novelty of the clearing construction

Remark 10.15 (Relation to Peters-So-Ye). The log-barrier clearing program of this sec-
tion is not novel: the log-barrier regularisation, the state-price interpretation, and the
KKT-certificate verifiability all derive from Peters-So-Ye [7] on the Lange [5] and Lange-
Economides [6] parimutuel framework. The continuous fixed-generator form likewise
does not claim novelty in the generalized-mean structure itself; that is classical Kolmogorov-
Nagumo mathematics [8, 9]. The contributions relative to that prior art are: (a) the
bisection-on-g decomposition reducing the non-convex joint problem to a sequence of
convex subproblems; (b) the monotonicity/contraction argument for the power-law and
logit outer maps (Lemma 10.3, Theorem 10.5) under an explicit full cleared-price response
bound, together with damped primal-dual inner-solver convergence (Theorem 12.4); (c)
the bounded continuous-state extension with explicit Arrow-Debreu first-order condi-
tions, atomic-limit recovery of the discrete CPCAM, continuous logit fixed-point con-
vergence under grid refinement, and deterministic bounded-grid error control (Theo-
rem 10.9, Proposition 10.10, Theorem 10.11, Remark 10.13); and (d) the integration with
batch-clearing execution in the SPEEDEX tradition [18].
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11 Design-Space Comparison

The coupling function G is one architecture for composing a prediction market and an
AMM. We briefly compare against alternatives.

* (A) Direct oracle feed. Replace G with an external price oracle that reads a target
P*. Simpler to implement. Introduces oracle latency, excludes assets without reliable
feeds, and yields no self-consistent clearing between spot and prediction state. For
assets with reliable feeds the oracle architecture dominates; G-coupling’s advantage
is specific to the event-contingent setting.

¢ (B) Order-book-level coupling. Each prediction trade triggers a spot order at P =
f(p). The mapping is deterministic and hence predictable, creating systematic front-
running; it is incompatible with AMM invariants and offers no bounded-loss guaran-
tee to LPs.

¢ (C) Reserve adjustment. Inject or withdraw reserves on event outcomes. Economi-
cally equivalent to G-coupling when k is adjusted to match; inferior on LP protection
when it is not (dilution risk plus invariant violation).

¢ (D) Fee-based coupling. Accuracy modulates trading fees. Zero manipulation sur-
face; no price correction, so the primary information-transmission value of coupling
in thin markets is absent. Fee modulation is a complement to G-coupling, not a sub-
stitute.

Remark 11.1 (No dominant architecture). G-coupling does not dominate alternatives on
all dimensions. (A) is simpler with reliable feeds; (D) has zero manipulation surface; (B)
gives finer discovery. G’s distinct advantages: operation without external feeds, same-
block price correction, bounded price impact (Lemma 5.4), and tractable clearing in the
power-law regime (Theorem 10.2). Outside event-contingent settings, simpler architec-
tures suffice.

12 Manifold-Projection Convergence Under Regularity

Remark 10.1 described the inner solver as performing a manifold projection from fill-
fraction coordinates o € [;[0, g;] to log-reserve coordinates (In R}, In R}) via the nonlin-
ear map ¢ — In(R + A(c)), and Theorem 10.2 was stated conditional on convergence
of this projection. This section removes the conditionality: the log-barrier regularization
0y ;log(c;) already present in program (30) induces strong concavity of the objective in
o on the open box [T;(0, g;), and the manifold projection inherits geometric convergence
from Newton’s method on a strongly convex function with Lipschitz gradient (standard
result; see [19], §9.5). The present section spells out the argument explicitly against the
PW-AMM'’s nonlinear invariant constraint.

12.1 Strong concavity of the log-barrier objective

Let A(c) := S(0) +0Y};log(c;) denote the objective of program (30), and let D =
IT-4(0,g;) denote its open domain.

Lemma 12.1 (Strong concavity of the log-barrier objective). For every 6 > 0 and every
compact subset K C D bounded away from the boundary (i.e. there exists € > 0 with o; > € for
all o € Kand all i), the objective A is m-strongly concave on K with modulus

m = G/qfnax, Jmax = mlax gi.
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Proof. The surplus function S is concave (it is the sum of order-wise linear revenues trun-
cated at limit prices, hence a concave piecewise-linear function of o; see [7], §3). The
Hessian of the log-barrier term 0 Y, log(0;) is the diagonal matrix —6 diag(1/0?), whose
eigenvalues are all —0/0? < —0/q¢2,., on K. Hence V2A < V2(0Y;logo;) < —(0/g3%.)1,
which is precisely strong concavity with modulus m = 6/42,,,. O

12.2 Lipschitz gradient of the invariant-constraint residual

The inner solver enforces the invariant constraint (21):
h(o) := InRy(0) +¢-InRj(0) —Ink = 0,

where R},(0) = Ry + Apm(0) and Rj(0) = Rg + Ap(c), with Ayr and Ap linear functions
of the fill fractions (sum of signed buy/sell quantities at order-specific prices).

Lemma 12.2 (Lipschitz gradient on bounded-away-from-boundary sets). Fix R > 0. On
the set
Kg := {0 € D:Ry(c) >R, Rg(c) >R},

the map h is twice continuously differentiable, and V' h is L-Lipschitz with constant
L = max(|VaulE/R, g- | Vag]3/R?).

Proof. Vh(c) = VAMm/Ry(0) + gV Ap/Ri(0). Since Ay, Ap are linear, VA, VA are
constant vectors and the Hessian is

V(o) = —VAu(VAM) /Ry (0)? — ¢VAR(VAR)" /Ry(0)%

On Kg we have R, R; > R, so | V2h||» < L with L as stated. Lipschitz continuity of Vi
on the convex set Ky follows. O

Remark 12.3 (Boundedness away from reserves-zero). Every bounded trade ¢ keeps re-
serves positive by the non-depletion condition Ay () > —Ry and Ag(c) > —Rp; the
log-barrier in (30) already enforces ¢; > 0, and the PW-AMM'’s pool-emptying limit (stan-
dard: clearing stops when either reserve would hit R = Ry/2) keeps the solver inside
KR for a fixed R > 0.

12.3 Geometric convergence of the projected-Newton inner solver

The inner solver is the projected-Newton iteration applied to the KKT system of pro-
gram (30) with the invariant constraint (21) treated via the primal-dual formulation (see [19],
§10.2). Write the Lagrangian as L(o, u) = A(c) — ph(o).

Theorem 12.4 (Damped primal-dual manifold-projection convergence). Fix 0 > 0 and an
initial point 7(©) € Kg satisfying h(c(®)) = 0 (achievable by the order-book warm-start: any
feasible pre-trade reserve state lies on the invariant surface). Under Lemmas 12.1 and 12.2, LICQ
Vh(o) # 0 on the active manifold, and a compact reserve-away-from-zero domain, the damped
primal-dual Newton step

_ vg_ﬁ(g'(k), y(k))
== [y

with o) = o) 41 Ac®), 1) = 38 3 Ap®) | Armijo back-tracking, and a restoration
projection back to h(c) = 0 whenever the post-step residual exceeds the quadratic Taylor bound,
satisfies:

Vgaﬁ(g—(k),y(k)) _Vh(g'(k)) Ag—(k)
Vh(e®)T 0 | |auw
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(i) Feasibility preservation. For all k, o) € Kg and |h(c®)| < L|je® — ¢*=1)}12/2
(post-Newton-step residual).

(ii) Global damped convergence to the unique primal-dual optimum. There exists a con-
stant p < 1 (depending on m,L,0 and the LICQ margin) such that the KKT residual
satisfies

Irr (@™, w2 < o lrier (0, 1) 2,

where o* is the unique maximizer of A on the invariant manifold. The contraction constant
satisfiesp <1—m/(2L) < 1.

(iii) Quadratic terminal convergence. Within a neighborhood ||c) — o*||, < & for some
8 > 0, convergence is quadratic: || otV — o*||, < C|je™) — 0|3 for an explicit constant
C=L/(2m).

Proof. This is the textbook guarantee for Newton’s method on a strongly concave objec-
tive with Lipschitz gradient, specialized to the equality-constrained primal-dual setting.
We assemble the pieces:

Part (i). The Armijo back-tracking line search selects 77 such that A (c*+1)) > A(c(®)) 4
a VA () TAc®) for a € (0,1/2); see [19], §9.5.1. The Armijo step always succeeds on
a strongly concave objective (Lemma 12.1) because the quadratic lower bound A(c +
nAc) > A(o) +nVATAc — (Ly?/2)||Ac||? (Lemma 12.2) gives a sufficient-decrease 7-
interval of positive length. The feasibility residual bound |1(c®))| < L|jc®) — g*k=1)||2/2
follows from Taylor’s theorem applied to  around the previous iterate, using h(c*~1)) =
0 (maintained as an invariant by the KKT-consistent primal-dual step) and the Lipschitz-
gradient bound.

Part (ii). Under strong concavity (modulus m) and Lipschitz gradient (constant L),
the standard Nesterov-style descent bound [20, Thm 2.1.14] gives

A(e*) — Ay < (1—m/L)(A(c*) — A(eh)).

Combined with the quadratic lower bound A(c*) — A(c®) > (m/2)||c® — |2, we
get oD — %2 < (1 — m/L)|jc® — o*||?; the contraction constant p = /1 —m/L <
1—m/(2L) < 1.

Part (iii). Once c® lies in the region of convergence ||c¥) — o*|| < m/L, the Armijo
step size is unit (full Newton step), and standard Newton theory [19, Thm 9.5.3] gives
quadratic convergence: |1 — o*|| < (L/(2m))|lc®) — o*||3. O

Corollary 12.5 (Clearing is conditionally solvable under stated regularity). Theorem 10.2
holds under the compact-away-from-zero, LICQ, restoration, and full cleared-price response hy-
potheses stated above: the inner constrained program is solvable to accuracy € by damped primal-
dual Newton iterations, each costing O(n®) for the KKT-system factorization. The remaining
open work is to mechanize the response bound Lp for every production potential family.

Remark 12.6 (Role of the barrier parameter 6). The contraction constant is bounded away
from 1 for every fixed 6 > 0 and positive LICQ margin. As 6§ — 0 (to approach the
surplus-maximizing solution exactly), the modulus m — 0 and the contraction degrades;
the standard remedy is the interior-point schedule 8%) = 6(°) /(1 4- Bk)?, which yields the
usual O(y/nlog(1/¢)) barrier complexity under the hypotheses above.

13 Open Problems

The cross-venue manipulation bound (Proposition 6.1), signal-accuracy crossover (Corol-
lary 8.7), and conditional manifold-projection convergence (Theorem 12.4) are handled
in the body; the governance-coupling upper bound is in Proposition 6.12. The following
problems remain open.

43



ONE-WAY COUPLING

Open Problem 1 (Uniform cleared-price response). Mechanize a uniform bound sup p |dlog P*(g)/dg| <
Lp for every admitted production potential family and every bounded order book satis-

fying the reserve-away-from-zero condition. The inner KKT solver is covered under reg-

ularity assumptions; the outer fixed-point proof depends on this full optimizer-response

bound.

Open Problem 2 (Self-consistent coupling parameter). Find the fixed point x* of x* =
0% (k*)/ (03 (x*) + 03), where 07 (k) is the AMM price variance conditional on coupling
strength. The difficulty: ¢ (x) depends on arbitrageur and LP equilibrium behaviour.
We conjecture k* < Knaive, but existence and uniqueness are unproven.

Open Problem 3 (Second-order regularity of logit-regime clearing). Theorem 10.5 closes
the first-order contraction analysis for the Huber-bounded logit coupling. Remaining
is the second-order structure: Newton-type accelerated convergence of the bisection-on-
¢ procedure, which requires a smoothing of the C!-but-not-C> Huber breakpoints (for
example, a C* bump-function replacement with quadratic-in-distance approximation er-
ror). This is an accelerated-convergence refinement, not a fundamental gap.

Open Problem 4 (Proof-assistant mechanization of the equivalence theorem and its C!
closure). Develop a proof-assistant mechanization (e.g. in Lean or Coq) of Theorem 5.13
(pointwise odds-ratio equivalence), Theorem 5.16 (its Huber-clipped extension), and Lemma 5.17
(the matching differential identity), together with C!-continuity verification at the four
breakpoints |y| = 6 —w and |y| = 6 + w of the canonical 3-piece sign-mirrored Huber
clipper of Example 5.2. The mechanization must (i) formalise the open-domain bijec-
tion w : (0,1) — (0,00) and the pushforward measure of Lemma 5.17; (ii) verify the
value-and-derivative match at each breakpoint of the Huber piece, both for the linear-
to-quadratic transition at |y| = § — w and for the quadratic-to-saturation transition at
ly| = 6 + w; (iii) discharge the closed-domain extension of Remark 5.14 as one-sided
limits of the form G%(0") = ¢ *mx and GJ(17) = e"*mx; and (iv) certify that the price-
impact bound of Lemma 5.4 is preserved under the change of variables. A fully mecha-
nized proof would close the verification gap between the analytical statements proved in
this paper and machine-checkable certificates of those statements.

Open Problem 5 (Multi-block settlement for structured products). Extend single-block
atomic settlement to structured products whose constituent events resolve in different
blocks. Cross-block atomicity is not available: a product depending on events in blocks
B and B, cannot be settled atomically because outcomes are revealed sequentially.

Open Problem 6 (Feedback-loop stability). Prove that the inter-block feedback E 5

P2 S po converges to a stationary distribution. Theorem 10.2 gives

bounded per-block clearing and Lemma 5.4 bounded per-block impact, but bounded-
ness does not imply convergence. A proof requires characterising the spectral radius of
the linearised feedback operator. The impossibility theorem (Theorem 3.2) forbids direct
mechanism feedback within a block; it does not address the cross-block informed-trading
channel addressed here.

Open Problem 7 (LP equilibrium existence). Prove existence of an LP equilibrium: a
liquidity level £* and fee rate f* such that LP participation is individually rational and
no LP can profitably deviate. IL and coupling loss are endogenous; this is a fixed-point-
with-endogenous-risk problem.

Open Problem 8 (Logit-regime manipulation bound under saturation). The manipula-
tion bounds of Section 6 are stated in the small-shift linearisation regime |6*| < 1, where

44



ONE-WAY COUPLING

the coupling exponent is unsaturated. When the adversary drives the prediction mar-
ket into the Huber-saturation regime |logit E* + | > dmax + w (the coupling becomes
insensitive to further shifts), the linear-in-é spot profit of Proposition 6.1 breaks down:
the coupling caps at e***mx and further shifts yield zero marginal spot profit while con-
tinuing to cost bE*(1 — E*)6? in LMSR round-trip. The adversary’s optimal strategy in
the saturated regime is to park the shift at or below the saturation edge. Characterise the
adversary’s optimal 5, the exact profit ceiling under saturation, and the corresponding
tight LMSR depth requirement. The answer is a bounded, but non-closed-form, optimi-
sation problem.

Proposition 13.1 (Persistent-manipulation upper bound under exponential calibrator).
Suppose a calibrator reduces « exponentially at rate u > 0 once detecting bias |Eeq — E*| > £4et,
with detection latency Tey blocks. Under the setup of Proposition 6.1, a persistent adversary
sustaining &y > eget/ (E*(1 — E*)) over T > T q blocks extracts at most

Extr < Tea1 0Rmd0 + aoRyido/ 1, (40)
uniformly in T.

Proof. Per-block extraction during detection latency: agRydp, summing to TeaaoRaido.
Post-detection, a(t) = age #~10~Tal); Y2 =¥ < 1/y gives the tail bound. O

Remark 13.2 (Below-threshold sub-threshold extraction). If the adversary sustains dy <
€det/ (E*(1 — E*)) the calibrator does not respond; cumulative extraction grows linearly
as TaRyidp. Per-block profit remains bounded above by the optimal-shift profit a’R2, / (4bE*(1 —
E*)). Net-positive after amortising the bribe cost depends on calibrator-threshold design.

Open Problem 9 (Persistent-adversary manipulation in the sub-threshold regime). Propo-
sition 13.1 bounds the extraction above the calibrator’s detection threshold. Below the
threshold, the adversary sustains a shift the calibrator does not respond to and cumula-
tive extraction grows linearly with the horizon. Characterise the optimal adversary strat-
egy and the tight cumulative extraction bound as a function of (eget, Teal, 1), including the
regime where 9y lies strictly between zero and eg4e/ (E*(1 — E*)). A rigorous solution re-
quires an adaptive-control analysis under adversarial perturbation that the present paper
does not carry out.

A Adversarial-completeness inventory

A single-table summary of the adversarial claims in this paper, classifying each by ad-
versary model, attack cost, defence, and completeness status. A claim is complete if it
carries matching upper and lower bounds; upper-only if only the attacker’s success prob-
ability is bounded above; lower-only if only a constructive attack is given; under-specified
if adversary model or attack cost is absent.

45



ONE-WAY COUPLING

Claim Adversary model Attack cost Defence Status

Thm 2.5 staticc < t shares, tSpi, threshold PC1-PC4 + IND- Complete
polynomial-time shares CPA + (PC2-

pad/timing/meta/crypto)

Thm 3.2 trader holding spot trivial (any non- Admissibility Complete
+ prediction, C? util- trivial deviation) ~ requirement (one- (impossi-
ity way necessity) bility)

Lem 5.4 arbitrary E- n/a (worst-case Cl-clipped cou- Complete
realisation adversarial E) pling with satura- (tight at

tion dmax boundary,
Thm 5.6)

Thm 5.7 arbitrary E- n/a None (unclipped)  Complete
realisation (impossi-

bility)

Prop 6.1 risk-neutral, single- 5% + Q?/(2Rg) LMSR depth b > Complete
block, joint (6, Q) round-trip aQ*/(2e) (FOC inte-

rior max)

Prop 6.7 rational, controls Bribe B + fees + Huber saturation Complete
event outcome LMSR loss KOmax (quadratic

cap)

Thm 6.10 risk-neutral, persis- Per-block LMSR Rate-limited cali- Above-
tent over T blocks cost bd% sus- brator T, response  threshold

tained time T, only (O(1)
cumula-
tive under
(19)); sub-
threshold
regime is
OP9

Prop 6.12 governance coali- Lockup + oppor- Frontier constraint Complete
tion, quorum- tunity cost KoOmax < C* (scalar-
weight Qgoy factorisable)

Prop 6.14 block proposer, Proposer  role PCI1-PC4 + intra- Complete
single-class within  (PoS stake) class random or- (®(Vmaxtp/m))

block

dering (PC5)

Table 1: Adversarial-claim completeness inventory. Matching upper and lower bounds
for every primary adversary class. Defence mechanisms are cited in the indicated theo-
rems and definitions; see Definitions 2.3, 5.1, 6.9.

Residual openings (documented as formal open problems).

Open Problem 9 flags the

adaptive-observer regime (adversary shapes |J;| based on calibrator feedback). Open
Problem 3 flags second-order regularity for accelerated Newton-type inner solvers. All

other adversarial claims in Table 1 carry matching upper and lower bounds.
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